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Abstract 

We extend Holowinsky and Soundararajan's proof of quantum unique ergodicity 
for holomorphic Hecke modular forms on SL(2,Z), by establishing it for automorphic 
forms of cohomological type on GL2 over an arbitrary number field which satisfy the 
Ramanujan bounds. In particular, we have uncondtional theorems over totally real and 
imaginary quadratic fields. In the totally real case we show that our result implies the 
equidistribution of the zero divisors of holomorphic Hecke modular forms, generalising 
a result of Rudnick over Q. 



1 Introduction 

One of the central problems in the subject of quantum chaos is to understand the behaviour 
of high energy Laplace eigenfunctions on a Riemannian manifold M. There is an important 
conjecture of Rudnick and Sarnak [30] which predicts one aspect of this behaviour in the case 
when M is compact and negatively curved, namely that the microlocal lifts of eigenfunctions 
tend weakly to Liouville measure on the unit tangent bundle. This is known as the quantum 
unique ergodicity conjecture, and has as a corollary that the L 2 mass of eigenfunctions 
becomes weakly equidistributed on M. We refer the reader to (HI |2Ql [301 EH EH EH HI] for 
many illuminating discussions and interesting results related to this conjecture. 

In this paper we shall deal with a variant of Rudnick and Sarnak's conjecture which 
replaces Laplace eigenfunctions with certain modular forms. This may be described most 
easily in the case of the modular surface X = SL(2, Z)\H 2 , where the objects we shall 
consider are holomorphic modular forms of large weight, or equivalently sections of high 
tensor powers of the line bundle of holomorphic differentials on X. If / is a holomorphic 
modular cusp form of weight k, the analogue of the L 2 mass of / is the Petersson measure 

/// = y k \f(z)\ 2 dv, 

where dv denotes the hyperbolic volume. The measure ///is invariant under SL(2,Z), 
and we may suppose that / has been normalised so that it descends to a probability measure 
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on X. The analogue of the quantum unique ergodicity conjecture for holomorphic forms is 
then to show that the measures \x$ tend weakly to the hyperbolic volume as the weight of 
/ tends to infinity. This is very much in the spirit of the original conjectures, with the 
Cauchy-Riemann equations replacing the Laplace operator and the weight k playing the role 
of the eigenvalue, and was considered in [211 E2] . 

There are two main differences between this conjecture and the classical form of QUE. 
The first is that no microlocal lift is known for holomorphic forms, so we are restricted to 
considering equidistribution on X rather than its unit tangent bundle, and ergodic methods 
may not presently be applied to this problem. The second is that the literal analogue of 
the conjecture fails because the space of cusp forms is large, and contains elements like A fc 
(where A is Ramanujan's cusp form) whose mass is not equidistributing. From a number 
theoretic point of view it is natural to deal with this multiplicity issue by requiring / to be a 
Hecke eigenform, which gives a refinement of the conjecture known as arithmetic QUE. This 
is a natural condition to impose, as Watson's triple product formula [39J illustrates that the 
generalised Riemann hypothesis would imply QUE for holomorphic Hecke eigenforms with 
the optimal rate of equidistribution. The first unconditional results on this conjecture were 
obtained by Sarnak [32J , who showed that it was true for dihedral forms, and Luo and Sarnak 
[2T] , who showed that it was true for almost all eigenforms of weight at most k. 

In [T^t [T5l [36] , Holowinsky and Soundararajan established QUE for all holomorphic 
Hecke eigenforms on the modular surface X, or more generally any noncompact congruence 
hyperbolic surface. Their proof is a combination of two different approaches, one based 
on bounding the L value appearing in Watson's triple product formula and the other on 
bounding shifted convolution sums, and which complement each other in a remarkable way 
to produce the full result. In this paper we extend Holowinsky and Soundararajan's methods 
to prove QUE for holomorphic Hecke eigenforms on GL2 over a totally real number field, 
or more generally for automorphic forms of cohomological type on GL2 over an arbitrary 
number field and which satisfy the Ramanujan bounds. For simplicity, we assume our fields 
to have narrow class number one throughout the paper, but this is not essential. 

We shall give a simple outline of our results here, before describing them more fully once 
we have introduced the required notation. First let us assume that the field F over which 
we are working is totally real with narrow class number one. Let O be the ring of integers 
of F, and let T = GL + (2, O) be the subgroup of GL(2, O) of elements with totally positive 
determinant. Fix v > 0, and let {f n } be a sequence of holomorphic Hecke modular forms 
for T whose weights k n = {k^ n ) satisfy k^ n > k v - n for all i and j. Our result is: 

Theorem 1. The normalised Petersson probability measures \i n = y hn \f n (z)\ 2 dv tend weakly 
to the uniform measure on r\(H 2 ) n as k — ^ 00. 

As a consequence of theorem [fl we prove that if k is a fixed positive weight and {Jn} 
a sequence of holomorphic Hecke forms of weight Nk, then the zero divisors Zn of /jy 
become equidistributed on r\(H 2 ) n , either as Lelong (1, 1) currents or as measures defined 
by integration over Z^ with respect to the volume form of the induced Riemannian metric. 
This generalises a result of Rudnick [29] on the equidistribution of zeros of Hecke modular 
forms on SL(2, Z). 
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The statement of the mixed case of our result is a little more involved, and for now we will 
give it only in the case of a Bianchi manifold Y = r\H 3 , where O is the ring of integers in an 

imaginary quadratic field F and T = SL(2, O). Let Ed be the representation Sym d ® Sym 
of SL(2, C), and let Vd be the associated local system on Y which we equip with a certain 
canonical positive definite norm. The objects whose equidistribution we shall now consider 
may be thought of either as 1-forms in A 1 (Y, Vd) which are harmonic with respect to the 
norm on Vd and are eigenforms of the Hecke operators, or as the lowest i^-types in the 
corresponding automorphic representations of cohomological type on T\SL(2,C). 

We may define analogues of the Petersson mass using either of these viewpoints. A 
harmonic Hecke form u £ A 1 (Y, Vd) is a section of T*Y sg) Vd to which we may associate the 
measure /i w = ||o;|| 2 (iv, where || • || is the tensor product of the norms on T*Y and Vd and 
dv is the hyperbolic volume. Alternatively, if <fi £ tc is a vector of lowest K-type we may 
push the measure \<fi\ 2 dg from T\SL(2,C) down to Y to obtain one differing from \i u by a 
constant multiple. With this notation, we may state our result: 

Theorem 2. The measures fi u tend weaky to the hyperbolic measure onY as d — » oo. 
1.1 Structure of the Paper 

We introduce the manifolds and automorphic forms with which we shall work in section 
121 before giving the full statements of our results in section El We describe the structure 
of the proof in section HI As our proof is a direct generalisation of the methods used by 
Holowinsky and Soundararajan over Q, we do this by first giving an overview of their proof 
before explaining the modifications which must be made to extend it to a number field. 
Sections to [7] contain the generalisation of Holowinsky's method of shifted convolution 
sums, and section [S] contains the extension of Soundararajan's approach of triple product 
identities and weak subconvexity. In section [9] we combine these two approaches to establish 
our main result, and in section [10] we prove the generalisation of Rudnick's theorem on the 
equidistribution of zero divisors of holomorphic forms. Section [IT] is an appendix which 
contains various computations which are needed in the course of the proofs. 

Acknowledgements: We would like to thank our adviser Peter Sarnak for suggesting 
this problem as part of our thesis, and providing much guidance and encouragement in the 
course of our work. 

2 Definitions and Notation 
2.1 Arithmetic Manifolds 

We begin by introducing the manifolds on which we shall work. Let F be a number field 
of narrow class number one with degree n and r infinite places, of which r\ are real and r 2 
are complex. Let F = F £g>Q R, and F + be the subset of totally positive elements. If O is 
the ring of integers of F, let + = O fl F + . Define fi + to be the group of totally positive 
roots of unity in F, which is the ordinary unit group if F is totally complex and trivial 
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otherwise, and set u + = Let G; t = GL + (2,R) for i < r 1 and GL(2,C) otherwise, 

and G = Gi x . . . x G r = GL + (2,¥). will denote the centre of Gi, and Gi = GijZ^ 
N will denote the usual unipotent subgroup of G and G, and A and M the maximal split 
and compact diagonal subgroups with lower entry equal to 1. K = K\ x . . . x K r will be 
the maximal compact. Let T = GL + {2,0) be the integral matrices with totally positive 
determinant, and define = Y D B and Y v = Y C\U . 

Let Hp = G/K be identified with (H 2 ) n x (H 3 ) r2 , and introduce on it the following 
co-ordinates: 



We let 



Z (-2-1) • • • j Zr)i 

Zi = Xi + iyi, x u Hi e R for i < r ± , 

Zi = Xi + jy h Xi e C, yi e R for i > n, 

x = (xi,...,x r ), y = (yi,...,j/ r )- 



dv = f\ y~ 2 dxidyi A /\ -^-dxidxidyi 



i<ri 



i>ri 



be the product of standard hyperbolic measures on W F . We define X = Y\G and F = 
r\H^, so that automorphic forms on GL 2 /F of full level are equivalent to Hecke eigenforms 
on X. 

Throughout the paper, we will use a multi- index notation for co-ordinates on Hi? and the 
weights of automorphic forms; for instance, if y is the co-ordinate on introduced above 
and k is an r-tupe of integers, the expression y k will denote If $i * s defined to be 1 for 

% < r\ and 2 otherwise, for any r-tuple x we denote Y\xf by Nx, and the maximum of \xi\ 
by ||x||. 



2.2 Eisenstein Series 

In addition to the usual complete Eisenstein series, we will work with two kinds of incomplete 
Eisenstein series which we term 'pure incomplete Eisenstein series' and 'unipotent Eisenstein 
series'. To define them, we must introduce the multiplicative characters of the group 



following Hecke. Let €j 



1 be generators of Ol, and define A as 



A = 



I l/n log \e\\ ... log \e\_-y\ \ 
y l/n log I e;| . . . logKLj J 



with inverse 
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/ 1 1 ... 2 

A- l = 



e\ e\ ... e\ 



v er 1 er 1 . . . er 1 / 

(Here the first row of A^ 1 contains r\ l's and r2 2's.) We may now define the characters 
A m (?/) for m G Z 7 *^ 1 by the following formula: 



n n—1 



My) = nn 

p=l g=l 



1 2-wim q ep 



exp ( ^/3(m,p)log|y p | ) , 

vP=l 



where (3(m,p) = 2ixi 



As A m is invariant under the action of C?* on F + , it may be extended to a Hecke character 
on F via the isomorphism ¥/O x ~ F + /(9^. 

Having defined A m , we may let E(z,s,m) denote the usual Eisenstein series associated 
to the character Ny s X m (y) of the cusp of X. The pure incomplete Eisenstein series are 
formed by automorphising a function on To^Hf which is invariant under U and transforms 
according to A m under the norm one elements of the diagonal. They are determined by an 
index m G Z r_1 and a function ip G C^°(1R + ), and are defined as 

E(iP,m\z)= Yl ^{Ny{lz))\ m {y{ 1Z )). 
7eroo\r 

The unipotent Eisenstein series are formed by automorphising a function on if which 
is only invariant under U. They are determined by a function g G Cg°(R+), and defined as 

E(g\z)= 9(VM). 

We note that it is less standard to form Eisenstein series by symmetrising a function over 
Tjj in this way, and while these series do not play a major part in the proof, their appearance 
is related to the key fact that the correct way in which to generalise Holowinsky's methods 
is by unfolding over the unipotent, as will be discussed in section H~2l 

2.3 Representation Theory of SL(2, C) 

For m G N, let p m denote the irreducible m + 1 dimensional representation of 577(2) C 
SL(2, C) with Hermitian inner product ( , ), and let •* denote the associated conjugate 
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linear isomorphism between p m and p* m . We choose an orthonormal basis {v t } (t = m,m — 
2, . . . , —m) for p m and dual basis {v% } for p* m , consisting of eigenvectors of M satisfying 

If r 6 C and k G Z, let be the representation of SX(2, C) unitarily induced from 
the character 

X:(q ) (./k|) fc k| 2ir . 
These are unitarisable for (fc, r) in the set 

= {(fc, r)|r Gl}U {{k,r)\k = 0, r e £(— 1, 1)}, 

and two such representations I(fe, r ), /(fc', r ') are equivalent iff (A;, r) = ±(/c / ,r / ). Further- 
more, these are all the irreducible unitary representations of SL(2, C) other then the trivial 
representation. We choose a set U' C U representing every equivalence class in U to be 

U' = {{k,r)\r E (0,oo)} U {{k,r)\r = 0,k > 0} U {(k,r)\k = 0,r e i(0, 1)}. 

Given 7r G SL(2, C) nontrivial, we shall say 7r has weight k and spectral parameter r if it is 
isomorphic to I<k,r) with (A;,r) G Z7'. As we shall work on GL 2 with trivial central character, 
to describe the Archimedean components of our automorphic representations it will suffice 
to describe their restrictions to SL2. At complex places we shall use the parameters just 
introduced, and at real places we shall use the customary weight and spectral parameter. 

2.4 Automorphic Forms 

We shall consider QUE for automorphic forms 7r on GL2/F of full level, trivial central 
character and cohomological type. This means that their local factors at real places are 
holomorphic discrete series of even weight, and the factors at complex places have spectral 
parameter 0. In the notation of section 12.11 these correspond to automorphic forms on X 
of the prescribed Archimedean type and which are eigenfunctions of the Hecke operators. 
We denote the weight of ix by an r-tuple k = (fcj), and its normalised Hecke eigenvalues by 
A 7r (p). Define pk to be the representation 

Pk = (g) Xk t ® (g) Pk, 

i<n i>r± 

of K, noting that in the presence of complex places K will be nonabelian and pj~ will 
have dimension greater than one for most choices of weight. As pk occurs as a .fT-type in the 
Archimedean component of 7r, there is an embedding R n in Homx(p/c, L 2 (X)) corresponding 
to 7r. We may associate to R n a section F k of the principal bundle Xx K p* k onY, where we 
recall that for a representation r of K, X x K r is the quotient of X x r by the right i^-action 
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(x, v)k = (xk, r{k) 1 v) 
so that sections of X x k t may be thought of as sections of X x r satisfying 



r(k)v(xk) = v{x). 

F k may be defined by the relation R K (v)(x) = (s(x),v) for v E p k and x £ X , which may 



be unwound to give 



p k (x) = n^ +i r 1/2 XX^)( 

i>ri t 

\F k (x)\ 2 = n^ + 1 ) -1 Z; \Mvt)(x)\ 



x)v t , 



i>ri 



where {v t } is a basis of M-eigenvectors for p k . Note that |Ffc(x)| 2 descends to a function 
on Y . Alternatively, we may define E k to be the restriction to V of the representation 



£)Sym fc *- 2 ® (gjSym^ 2 - 1 <g> Sym^ 2 1 

\«<ri / \i>r± 

of G, and let V k the associated local system on Y, which we equip with a certain canonical 
positive definite norm. Then F k may be thought of as a harmonic 1-form which represents a 
cohomology class in H l (Y, V k ) (this is why tt is referred to as being of cohomological type). 
However, we will not use this point of view in this paper, and shall only refer the reader to 
the book of Borel and Wallach [1] where correspondences of this kind are described explicitly. 

We wish to establish the equidistribution of the probability measures \F k \ 2 dv on Y, in 
generalisation of holomorhic QUE over Q. Because the i^-integrals of \R n (vt)\ 2 are inde- 
pendent of t, we may let v k £ p k be the vector of highest weight and think of the measure 
\F k \ 2 dv as the pushforward of \R n (vk)\ 2 dx from X. In the case where F is totally real, the 
reader may instead let / be a holomorphic Hecke eigenform with associated representation 
7r, and let F k be the mass function F k = y k ^ 2 f. In particular, the results stated in the next 
section may all be read with this simpler definition in mind. 

To simplify the transition from Fourier expansions to shifted convolution sums in the 
next chapter, we will express the Fourier expansions of all our automorphic forms by sums 
over the ring of integers O rather than the inverse different O* as follows: 

where k will denote a fixed totally positive generator of O* throughout. As the F k are 
vector valued, it turns out that they may be expanded in Fourier series more simply by 
enlarging their domain Hp, in a manner which we now describe. We identify Hp with the 
subgroup NA of G in the standard Iwasawa factorisation, and let M.' F be the subgroup NAM. 
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We then have an inclusion of Hp in W F , and we extend our hyperbolic co-ordinate system 
to W F by allowing to take complex values for i > r\. The .fT-covariance of F k means that 
it is determined by its values on W F , and these determine the embedding R n by the formula 

R*(y)(g) = (p(k)v,F k (z)), 

where g = zk is the Iwasawa factorisation of g. On W F , we may expand F k in a Fourier 
series as 

F k {z) = ^ a/ (OK fc (e«y)e(tr(eKx)), 
where Kjt(y) = ®[ =1 Kj(yj) and the Ki(y$) are defined by 



Ki(i/i) = (y i ) fc!/2 exp(-27ry i ) for i < n, (2) 

K^) = |^| fe ^ 2+1 X: f^) 1/ V fei/2 _,(47r| 2/i |)e^-^' W2 <_ 2j -, On, (3) 
i=o 

and 0j is the argument of t/i. The formula for the Whittaker functions Kj at complex 
places is taken fron Jacquet-Langlands [TS]. The coefficients a,(£) are proportional to the 
Hecke eigenvalues A 7r (^), 

o,(0 = A 7r (C)iVr 1/2 a,(l), 
and the first Fourier coefficient is determined by the L 2 normalisation of F k to be 

i, mi 2 -TT (47r)fc 'TT {2n)kl g^V^ 

4i il i nh/2 + if\D\L{i^Hy 1 j 

(See section [T 1.21 for this calculation.) 



3 Statement of Results 

Our main result is theorem[3], which establishes QUE for the sections F k under the assumption 
that the associated cohomo logical representations ir satisfy the Ramanujan bound; this is 
known when F is totally real or imaginary quadratic, as discussed below. 

Theorem 3. If (j) is a Hecke-Maass cusp form, we have 

K0F fc ,F fc )|« M „ (logllfcH)- 1 ^ 
If cf) is a pure incomplete Eisenstein series, we have 

(<i>F k ,F k ) = T7 ^ 7 y(0,l) + O^((log||A;||)- 2 / 15 ^) 
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Theorem [3] is proven by combining the following two results, which summarise the ex- 
tensions of Holowinsky and Soundararajan's respective approaches to proving the equidis- 
tribution of F k . Their statements are almost identical to those of the original theorems over 
Q, which are recalled in section I4.1[ with the only significant difference being that in the 
statement of theorem H] we must impose a mild condition that all weights tend to infinity in 
a uniform way. 

Theorem 4. Fix an automorphic form (p, and suppose that there exists a v > such that 
ki > \\k\\ u for all i. Define 

yr I \ _ \ TT A , 2|Mt»)l 

k{ ) (log \\k\\)'L(l,symH) N ^ m \ + Np 
If <p is a Hecke-Maass cusp form, then 

(<PF k ,F k ) (logUfclD^M^Tr) 1 ^ (5) 

for any e > 0. If <fi is a pure incomplete Eisenstein series then 

(<f>F k , F k ) = y^y^, 1) + <W(log \\k\\yM k (v) l l\l + FL k (f))) (6) 

for any e > 0, where 

R (f) _ 1 y> r + °° \L(l/2 + it, sym 2 n ® A_ m )| 

kU) VNkL(l,symH) ^J-oc (1*1 + IHI + l ) A 

Theorem 5. If <fi is a Hecke-Maass cusp form, we have 

I tip p v, „ (logl|fc]|)- 1/2+ - m 
\m,F k )\«,, e L{hsymH) ■ (7) 



If + it,m, •) is a unitary Eisenstein series, we have 



\(Ea + it,m,-)F k ,F k ) \ < e (l + |t| + 



m 



\2n 



(logl|fc||)- 1+ 
L(l, sym 2 7i) 



We shall prove theorem H] in sections |5] to [7] and theorem [5] in section [HJ before combining 
them to give our main result in section The presence of these two components and the 
way in which they interact makes the overall proof somewhat elaborate, and so we begin by 
reviewing its basic outline in the case of SL(2, Z) and giving an overview of our modifications 
in section HJ Our assumption that it satisfies the Ramanujan bound is needed in the proofs of 
both theorem [5] and HI in the first case to establish the weak form of Ramanujan required by 
Soundararajan's weak subconvexity theorem, and in the second as an ingredient in bounding 
shifted convolution sums. It is known when F is totally real or imaginary quadratic, and so 
we have an unconditional theorem in these cases. In the totally real case this is derived from 
Deligne's theorem by Blasuis in [3], while in the imaginary quadratic case this relies on deep 
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work of Harris, Soudry, Taylor, Berger, Harcos et al [HE] and requires the construction of a 
theta lift from GL 2 /F to GSp^/Q, where complex geometry is available. The generalisation 
of their results to other fields with complex places is not yet established, and consequently 
we have no unconditional result outside totally real and imaginary quadratic fields. On 
the other hand, Ramanujan will hold for forms lifted from totally real subfields and so our 
theorem becomes unconditional if the family of cohomological forms of fixed level has the 
structure suggested by the results of jH] and [22], i-e. if base change and CM constructions 
account for all but finitely many forms. 

The assumption we have made on the uniform growth of the weight is a purely technical 
one, and by combining the triple product identities in section IHTT1 with the Lindelof hypothesis 
we see that the result should still be true without it. The reason we have adopted it is so 
that when we come to the point in the generalisation of Holowinsky's theorem at which we 
apply the sieve, it will ensure that we are sieving over a rounded subset of the ring of integers 
rather than a narrow box. 

Theorem |3]establishes QUE for any sequence of sections Fk over a totally real or imaginary 
quadratic field whose weights tend to infinity with the required uniformity. However, we 
should ask whether such a sequence exists for these fields. When F is totally real, Riemann- 
Roch ensures that the dimension of the space of holomorphic cusp forms of weight k 
is ~ Nk, with an exact formula established by Shimizu in [33]. Over a general field, base 
change from Q is expected to provide ~ k forms of parallel weight k on a sufficiently deep 
congruence subgroup of T, where the term 'parallel' means that the weights at all places 
are equal as in the totally real case. In particular, for F imaginary quadratic it has been 
proven by Finis, Grunewald and Tirao [6] that base change produces forms of full level and 
so our result is not vacuous for the Bianchi manifolds. The proof may be easily modified 
to allow nontrivial level in any case, so by restricting to forms base changed from Q (or 
another totally real subfield) which are known to satisfy Ramanujan, we may view it as 
having content over any solvable field F. 

3.1 Equidistribution of Zero Currents 

One consequence of QUE for holomorphic modular forms over Q is that the zeros of a 
sequence of forms become equidistributed with respect to hyperbolic measure as k — > oo, as 
was proven by Shiffman and Zelditch [38J for compact hyperbolic surfaces and extended to 
SL(2, Z)\EI 2 by Rudnick [22]. Using their methods, we have derived the analogous statement 
about the equidistribution of the zero divisors of holomorphic modular forms from our proof 
of holomorphic QUE. We may prove this equidistribution either in the sense of measures 
of integration over the (smooth parts of the) zero divisors, or in the more refined sense of 
Lelong (l,l)-currents, which we now describe. 

We now use H n to denote the product of n copies of the upper half plane, so that the 
holomorphic forms / we consider live on Y = r\HP\ In higher dimensions we may replace the 
sum of delta measures at the zeros of / by the current of integration over its zero divisor Zf, 
which is a distribution on differential forms of bidegree (n — 1, n — 1). If Zf = £\ or dvi(/)^ 
is the expression of Zf as the sum of irreducible subvarieties, then 



10 



(Z /) 0) = 5^ard Wi (/) / (9) 

for all smooth, compactly supported forms on r\HP. To define these notions in the 
presence of torsion in T, we use the standard procedure of choosing T' C T finite index and 
torsion free, and defining forms, subvarieties etc. on r\H n to be those on r'\IHP which are 
invariant under T. Integrals such as ([9]) are defined to be the lifted integral on r'\H n divided 

by |T' : T|. We shall use — > to denote weak* convergence of currents. With these notions 
in mind, we may state our result. 

Theorem 6. Fix a weight k = (ki), ki > 0, and let {/n} be a sequence of holomorphic Hecke 
modular forms of weight Nk. Define 



u = —dd\ogy k 



2tt 
1 

If Z N are the zero divisors of f N , then j^Zjy -^-t u, i.e. 



j— ^2 kiy i 2<iXi A dyi 



lim {jjZ N ,4>) = / u A(f> 

N-^-oo 7 J Y 



for all continuous, compactly supported (n — l,n — 1) -forms <p. In particular, if k = 
(2, ... ,2) then j^Zjq — Y loq, the Kdhler form ofY with the product hyperbolic metric. 

This theorem is based on ideas from complex potential theory as developed for problems 
in quantum chaos in [2H1 EHl EE] . It may be loosely interpreted as saying that not only do the 
(smooth parts of the) submanifolds Z^ become equidistributed as measures of integration 
with respect to the induced Riemannian volume, but that the directions in which their 
tangent subspaces lie are also becoming equidistributed. We prove theorem [6] in section [TUJ 



4 Outline of the Proof 

4.1 The Proof Over Q 

We begin by giving an outline of Holowinsky and Soundararajan's proof over Q, as our proof 
over a number field runs on the same lines as theirs. Suppose / is a holomorphic Hecke 
eigenform of weight k on Y = SL(2, Z)\H 2 , with associated mass function Fk = y k ^ 2 f. We 
wish to show that the normalised probability measure fif = \Fk\ 2 y~ 2 dxdy tends weakly to 
hyperbolic measure ^y~ 2 dxdy as k tends to infinity, i.e. that for all h e C^°(X) 

fif(h) = [ h\F k \ 2 y~ 2 dxdy — > — (h, 1). 

JY Ti- 



ll 



In [HI [15j ES], Holowinsky and Soundararajan have established this by decomposing h 
in two different bases for smooth functions on X, the first a complete set of eigenfunctions 
for the Laplacian and the second the incomplete Poincare series P m , defined by 

(ip\z) = ^2 e(Tnx(jz))ip(y(jz)) 
7eroo\r 

for m G Z and ip G C^°(1R + ). The chosen basis of Laplace eigenfunctions consists of the 
constant function, Hecke-Maass cusp forms <fi and unitary Eisenstein series E{\ + it, ■), and 
the corresponding integrals which must be estimated are (4>F k , F k ) and (E(~ + it, -)F k , F k ). 
These integrals may be expressed in terms of central L-values, using the classical Rankin- 
Selberg formula in the first case and Watson's formula in the second, and so one may hope 
that the theory of L functions would provide nontrivial upper bounds for them. The convex 
bound just fails to be of use here, however by strengthening the convex bound by a factor of 
(\ogC)~ 1+e where C is the analytic conductor Soundararajan obtains the following result: 

Theorem 7. If is a Hecke-Maass cusp form, we have 

\(^F k ,F k )\«^ L ^ sym2f y 

If E{\ + it, ■) is a unitary Eisenstein series, we have 

(\ogk)- l+c 



\(Ea + it,-)F k ,F k )\ < e (l + |t|)< 



L(l, sym 2 f)' 



The equidistribution of [if would follow from theorem [7] if one knew that L(l,sym 2 /) 3> 
(log A;) _1 / 2+5 for some S > 0. This is certainly expected, as it follows from the generalised 
Riemann hypothesis that L(l,sym 2 /) is bounded below by a power of lnlnfc. The best 
unconditional bound in this direction is due to Hoffstein and Lockhart [T2], and Goldfeld, 
Hoffstein and Lockhart [9], who prove that L(l,sym 2 /) ^> (log A;) -1 ; this is a deep result 
analogous to proving that there is no Siegel zero. The bound L(l,sym 2 /) ^> (log k)~ l l 2+s 
is known unconditionally for all but K e eigenforms of weight < K by a zero density argu- 
ment, however one cannot rule out those forms with small values of L(l, sym 2 /) for which 
Soundararajan's approach is insufficient. 

Holowinsky's approach is to test [if against incomplete Poincare and Eisenstein series. 
This is equivalent to testing /if against Hecke-Maass cusp forms and incomplete Eisenstein 
series, and evaluating the inner products {<j)F k , F k ) by regularising them with a second in- 
complete Eisenstein series and then unfolding. In doing this one is led to estimating the 
shifted convolution sums 

^\f(n)\ f (n + l) 

for fixed I as k — > oo, where A/ are the automorphically normalised Hecke eigenvalues 
of /, and quite strikingly one is able to obtain useful bounds for these by taking absolute 
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values of the terms and forgoing any additive cancellation. The idea behind this is that the 
eigenvalues \f(p) not only satisfy the Ramanujan bound |A/(p)| < 2, but are distributed 
in the interval [—2,2] according to Sato- Tate measure and so on average |A/(p)| will be 
significantly smaller than 2 (we do not need to consider dihedral forms as we are working at 
full level). Moreover, as a typical A/(n) is a product of many A/(p)'s this leads to a gain on 
average over the bound |A/(n)| < r(n). This phenomenon may also be seen in the work of 
Elliot, Moreno and Shahidi [S] where they prove the bound 



5^|r(7i)| <x 13/2 (lo£ 



*r 1/18 , 



n<x 



where r here denotes Ramanujan's r-function. Holowinsky uses this idea, combined with 
a large sieve to show that n and n + I seldom both have small prime factors, to prove the 
following: 

Theorem 8. If Xf are the normalised Hecke eigenvalues as above, define 

M t (/) = 7r ^ 7 i T[(l + 2 JMP}\ 

(log k) 2 L(l, sym 2 f) ^ p 

If <p is a Hecke-Maass cusp form, we have 

\(<PF k ,F k )\^ e (]ogk) e M k (f)V 2 . 
If E(ip\ • ) is an incomplete Eisenstein series, we have 



where 



| (E(1>\ ■ )F k , F k ) - f <J5(V>| ■ ), 1)| «^, e (log fc) e M*(/) 1/a (l + R k (f)), 



P , > i \L(l/2 + it, sym 2 f)\ 
R kU> ~ uMitm —Z?TT\ I m I umo dt - 



A;V2L(l, S2/ m 2 /)y-oo + 

One can see the appeal to Sato- Tate in the quantity M k (f) appearing in theorem [HI if 
we only apply the bound |A/(p)| < 2 to this, one finds that M k (f) (In k) 2 L(l, sym 2 /) -1 
which is of no use. However, under certain natural assumptions about the distribution of 
Xf{p) it may be shown that M k (f) is small - more precisely, in [13] Holowinsky shows that if 
neither L(l, sym 2 /) or L(l, sym 4 /) are small then we have M k (f) (In k)~ s for some 5 > 0. 
As with Soundararajan's theorem, these assumptions may also be shown to hold for almost 
all eigenforms using zero density estimates. 

Surprisingly, while both of these approaches may fail it can be shown that together they 
cover all cases completely. Intuitively speaking, if L(l,sym 2 /) < (log /c) _1 / 2+<5 is small then 
we should have Xf{p 2 ) ~ —1 for most primes p < k (a Siegel zero type phenomenon). 
However, M k (f) is proven in [T5] to satisfy the upper bound 
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M k (f) « (log^exp Lj2 ilXm ~ 1)2 ) > (10) 

\ p<k P ) 

and if A/(p 2 ) ~ —1 then Xf(p) 2 — 1 ~ —1, so that A/(p) ~ for most p < k and the right 
hand side of ( FlOl) should be small. The precise bound Holowinsky and Soundararajan prove 
based on this argument is 

M k (f) « (logAOV^glogA^L^symV)^ 

This inequality may be used to show that if is a cusp form and L(l, sym 2 /) < 
(log k)^ 1 / 3 ^ 5 for some 5 > then M k (f), and hence {(f>F k ,F k ), is small. However, if 
L(l,sym 2 /) > (log A;) -1 / 3-5 > (log fc) _1 / 2+<5 then theorem [7] shows that (4>F k ,F k ) is small. 
This shows how theorems [7J and [8] complement each other in the cusp form case, and a similar 
relationship holds between them in the incomplete Eisenstein case. 

4.2 Extension to a Number Field 

We now describe the the steps that must be made to generalise the method of section 14.11 
to a number field. Soundararajan's approach is the easier of the two to extend, as one 
has the triple product formula of Ichino [16] available to generalise Watson's formula, and 
Soundararajan's weak subconvexity theorem is sufficiently general to also be applicable to 
the central L value which appears there. The only technical difficulty is in making Ichino's 
formula sufficiently quantitative, which requires estimating certain Archimedean integrals. 
The necessary computation at complex places was carried out in [23J using a result of Michel 
and Venkatesh appearing in [24], while at real places it may be obtained by comparison 
with Watson's formula. Applying weak subconvexity is then straightforward, with the only 
consideration being that Soundararajan's theorem is stated for L functions over Q rather 
than a number field. However, it is easy to show that our L functions still satisfy the required 
hypotheses when viewed as Euler products over Q. These steps are carried out in section |HJ 
The modifications that must be made in the case of Holowinsky's method are more 
involved, and we shall now describe his method in more detail before illustrating how we 
have adapted it in the simple case of a real quadratic field. Holowinsky's approach for 
SX(2,Z) is similar to calculating the integral of \F k \ 2 against a Poincare series in terms of 
shifted convolution sums. For a Hecke-Maass form or incomplete Eisenstein series <ft, he 
defines a regularised unfolding of (<pF k ,F k ) in terms of a fixed positive g G C^°(1R + ) and a 
slowly growing parameter T by 

h(T)= [ g(Ty)<P(z)\F k (z)\ 2 dn. (11) 

This behaves like the integral of <fi\F k \ 2 over T copies of a fundamental domain for 
SX(2,Z), which may be seen by taking the Mellin transform G of g and expressing ffTT]) 
in terms of Eisenstein series as 
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J (T) = -^ / G(-s)T s [ E(a,z)<l>(z)\F k (z)\ 2 dn. 
2™ J m J y 



Shifting the contour to a = 1/2 then gives 



I+iT) = cT(<pF k ,F k ) + 0(T 
3 

where c = — (E(g\z),l). 

71 

Holowinsky then calculates I^(T) in a second way using the Fourier expansions of and 



<t>{ z ) = z2 a i{y) exp(2?u/:r), 
i 

f(z) = a f{ n ) exp(27rmz). 

n>l 

Only those I with \l\ <C T 1+e make a significant contribution, and for those / Holowinsky 
considers 



Si(T) = / g(Ty)a l {y)exp(27rlx)\F k (z)\ 2 d^ 

« laKT-^l^la^nJa^n + OI f H g{Ty)y k -\~^ 2n+ ^dy\ (12) 

n>l ^0 / 

so that 

I,(T)= ]T ^(^) + C(T 1 /2). 

|i|<T 1 + e 

When Z 7^ 0, the regularising factor g(Ty) effectively truncates the sum in ( |T2l to n <C T/c, 
and we end up with an upper bound for Si(T) of 

Sl ^ < JaS/ ) | gJ A ^ (B+ ')'- 

The expected main term -(0,1) appears in Sq(T), and so to prove that -(0,1) and 
(0-Fjt, Fjfc) are close one needs to bound the off diagonal terms Si(T) and hence ^2 n<x |A/(n)A/(n+ 
l) I . Having given up additive cancellation in this sum, Holowinsky instead proceeds by using 
the ideas discussed in section PO to show that |A/(n)A/(n + l)\ is small on average. 

We have extended this method to work over an arbitrary number field F, with the key 
innovation being the way the unfolding is carried out in the presence of units. For simplicity, 
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we will briefly describe the method in the case of a real quadratic field F = Q(\/d), and 
/ a holomorphic Hecke modular form of parallel weight (k, k) with associated automorphic 
representation ir. Let be a Hecke-Maass cusp form, and write the Fourier expansions of / 
and as 

r;>0 

(j){z) = a j{y) exp(2%itr(riKx)) . 

The totally positive units 0+ of O act on the terms of these expansions, and when 
unfolding we must do so in a way which breaks this symmetry so that the resulting shifted 
convolution sums are over well rounded sets in O. The correct approach is to unfold to 
IV\H 2 xi 2 ~R|x (R 2 /0) and localise in a set of the form B T x (R 2 /C), where B is a ball 
in IR^ and we multiply it by T _1 in each co-ordinate to get E>t- This lets us largely ignore 
the units, and when we form the analogues of Si(T) it will allow us to truncate the resulting 
shifted convolution sum over O at each place seperately. We therefore define I<t,(T) as the 
integral 

W) = I g(Ty)<j>(z)\F k (z)\ 2 dv, (13) 

JrvyHPxH 2 

where now we let h G C^°(1R + ) be a positive function and g e C^°(M. 2 h ) be its square. We 
extract a main term cT 2 (<f)Fk, Fj,) from this as before, by forming the symmetrised function 

g(y) = Yl 9 ^ uy "> 

and expanding it in the multiplicative characters of M^/O* to express I<f>{T) in terms of 
integrals against Eisenstein series. When we calculate I</,{T) in terms of the Fourier expansion 
of it may again be shown that only those £ with ||£|| x 1+e contribute, and for these we 
define 

S ( (T)= [ g(Ty)a ( (y)ex P (2mtT^Kx))\F k (z)\ 2 dv. 

Jru\M 2 xM 2 

The analogue of the upper bound on S%(T) for £ ^ in terms of shifted convolutions 
sums is 



5 € (T) « MT- 1 )! MvMv + 01 / g{Ty)y k - 2 eM^m + ^y))dy. 

r)>0 

The key feature of the integral appearing here is that it factorises over the places of Q(Vd), 
and each factor depends only on the image of 2r\ + £ at that place, which lets us truncate 
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the sum to the ball of radius k in O and leaves us with bounding J2o<ri<k l^/( 7 7)^/( 7 7 + £)!■ 
This round set is well suited to the application of the large sieve for lattices in M. n , and we 
may carry out Holowinsky's sieving approach as before by translating congruences modulo 
primes p of O to sieve conditions in O/pO without significant interference from the units. 

We carry this method out in detail in sections [5] to [71 The proof splits into two parts, 
the first of which is reducing bounds on (tpF^jF^) to ones on shifted convolution sums, and 
the second of which is bounding these sums using the large sieve. The bulk of the work lies 
in the first step, and we have divided it into the case of totally real fields, carried out in 
section [5j and the modifications which are needed in the presence of complex places which 
are described in section [6j The application of the large sieve is carried out in section [7J 



5 Sieving for Mass Equidistribution: The Totally Real 

Case 

In this section we prove proposition[9]below, which reduces the problem of bounding {4>F^, F^) 
to one of bounding shifted convolution sums. We shall assume for simplicity in this section 
that F is totally real, so that the key modifications in the unfolding argument can be seen 
more clearly, and leave the treatment of complex places for section We will work with 
holomorphic forms rather than vector valued ones, and so let / be a I? normalised holomor- 
phic Hecke eigenform of weight k with associated automorphic representation ir. We assume 
there exists v > such that ki > \\k\\ u for all i. 

Proposition 9. Let T > 1 and e > 0. Fix h e C£°(R + ) positive and let g E C£°(F+) be 
its n-fold product, and define C g = (E(g\z), 1) /Vol(Y) . Fix an automorphic form with 
Fourier expansion 

If (j) is a Hecke-Maass cusp form, then 

((f>F k , F k ) = C~ x T- n S ^ + 0(T- n ' 2 ). (14) 

0<||C||<T 1 +' ! 

If (p is a pure incomplete Eisenstein series, then 



(15) 



0<ll€ll<T 1 

with 



s/NkL(l, S ymH)^J-oo (W + HI + 1)" 

Furthermore, we have the bound 
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iVA;L(l, symV) V 47r (^ + W 2 )/ 

+ 0(A^||£;||^ +e T n+e )^. (17) 

The bound we shall apply to the shifted convolution sums appearing in proposition M is 
given below; it will be proven in section [7] following Holowinsky, although it should be noted 
that this result may also be derived from the works of Nair [26] and Nair-Tenenbaum |27J. 

Proposition 10. Let Ai and A2 be multiplicative functions on + satisfying < T m{v) 

for some m. For any x = (xj) sufficiently large with respect to e and satisfying Xi > \\x\\ u , 
and any fixed £ satisfying < ||£|| < \\x\\ u we have 

L |Ai(^)A 2 (^ + 01« (1 N)2 _ e 11 [1 + W ■ (18) 

0<ri<x K to 1 u Np<z v V / 

To deduce theorem @] in the totally real case from propositions M and [TDJ first apply 
proposition [TUl with Ai = A2 = A,r and x = Tk to obtain 



V^,, . , -,tt, / T(ki-1) \ r(0T n Nk -,-r 



2|A ff (p)| - 
iVp _ 



(19) 



In the case of a Maass form, we substitute this into (ITT)) and bound |a^(T _1 )| by 
|p(^)|T _n / 2+<: using lemma [TT1 from section [57T1 below. As we shall choose T so that it is 
bounded above by any positive power of \\k\\, ( ITTj) then becomes 



Substituting this into ( TT4j) and applying the Ramanujan bound on average ( 1201) . we obtain 

w r"/ 2 (riog||fc||)' n / 2|A»(p)| \ /2 

which gives (JHJ) on choosing T n = Mfc(7r) _1 . The derivation of (|6]) in the pure incomplete 
Eisenstein series case is similar. 

The organisation of this section is as follows. In section I5TT1 we prove some results we shall 
need on the Fourier coefficients of and /, and in section l5\2l we introduce the regularised 
unfolding integral which is the heart of our proof before using it to relate (4>Fk, Fk) to shifted 
convolution sums in section 15.31 



18 



5.1 Fourier Coefficient Calculations 

In this section we present some bounds and normalisations we shall need for the Fourier 
coefficients of <fi and /. If <fi is an automorphic form on T\(EI 2 ) n , we may expand it in a 
Fourier series as 

(j)(z) = a (y) + ^a e (y)e(tr (£«£)) 
C 

with ao(y) = if is a cusp form. If is a fixed Maass cusp form with spectral parameter 
r = (rj) then we have the expansion 

n 

<j)(z) = v/iV^J]p(e)n^ p (27r|^|K P %)e(tr(e^)), 
&o p=l 

where the satisfy the Ramanujan bound on average, i.e. 

£>(£)!< T». (20) 
ll€[|<r 

If <p is a pure incomplete Eisenstein series E(ip,m\z), we may determine its Fourier 
coefficients in terms of the coefficients of the complete Eisenstein series E(s,m,z). The 
Fourier expansion of these series was calculated by Efrat [4J to be 

E(s,m,z) = Ny s X m (y) + <P(s,m)Ny 1 - s X_ m (y) + — h-Ny^X 

V D 



S^NffKY-^X (rir) TT K s+P{rn )P )-l/2(2Tx\i p \K p y p ) CTi-2 a ,-2m(£«) j (f u 

lf Nm Xm ^l\ T(s + P(m,p)) C(2.,A_ 2m ) 'WW)' 



where (3(m,p) is as in (JTJ) and 



0"l-2s,-2m 



We have 



W 2 A r(s + /3(m,p) - 1/2) C(2s - 1, A_ 2m ) _ 0(s - 1/2) 

n 

6(s) = ir- ns D s l[r(s + P(m,p))({2s,X-2m), 
P =i 

A-2m(c) 



m = E 



(c) 



IJVc 



2s-l ' 



1 f 

E(ip,m\z) = / \&(— s)E(s, m, z)ds, 

2vr« y f21 



'(2) 
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where \I/ is the Mellin transform of ip. From this formula we may calculate the Fourier 
coefficients of E{jp,m\z), obtaining the expression 

a (y) = I ^(-s)(Ny s \ m (y) + (P(s,m)Ny 1 - s X^ m (y))ds 

27" J {2) 

= ij(Ny)\ m (y) + 0(Ny- 1 ). 
Moving the line of integration to a = 1/2 we obtain 

ao{y) = v^^M^A) +0(Ny^), 
where the main term is only nonzero for m = 0. Doing the same for nonzero £ we obtain 

2 n 7T n/2 Ny l/2 poo 



ryn n/2-\T 1/2 poo 

a,(y) = - , JL / tt"**(-1/2 - i t)N^f\ m ^) 
2m v D J-oo 



Kit + l3(m,p){2Tl\^ p \K p y p ) <J-2it-2m{£,K) 



dt. 



rr — 

j} i r(l/2 + it + f3(m,p)) C(2s,A_ 2m ) 

We may apply the bound 

K ir (y) « |r(l/2 + ir) I (yy^j ^ (l + ^y) ' - 
valid for any integer A > and e > 0, to this to obtain 

ady)^r(ONy^Uy\\- A f[(l + ^- 

i=i v 

Similar bounds are valid for a Maass cusp form. The bounds for both varieties of form 
are summarised in the following lemma: 

Lemma 11. Let be an automorphic form on Y with Fourier series expansion 

(f)(z) = a (y) + ^2a^(y)e(tr(^Kx)). 

If (f) is a Maass cusp form, then a (y) = and for ^ we have 

adv) «\p(my 1/2 Uy\r A f[(i + 



1=1 



for any integer A > and any e > 0. If (f) is a pure incomplete Eisenstein series, then 
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«o(y) = -^(0,l> + O(iV/ 2 ) 



and for ^ we have 



n , 

ady)^r(ONy^Uy\\- A l[(l + — 

for any integer A > and any e > 0. 

As we shall work with the fourier expansion of / rather than F^, the L 2 normalisation of 
a/(l) differs slightly from the one given in secton 127^1 / has the expansion 

f(z) = ^2af(v)e{tT{r]Kz)) 

with af (77) satisfying 

a f (rj) = KWafWvW, 

and the bound |A^(^)| < r(£) is known by the work of Blasius [3] and Deligne. The 
correct normalisation of a/(l) so that (Fk,Fk) = 1 is 

M 1 )! l\ m ) DL(l,sym%)- (21) 



5.2 The Regularised Unfolding Integral I<f>(T) 

In this section we construct our main object I</>(T). By computing it asymptotically in two 
ways, by contour shift and then unfolding, we will obtain a link between inner products 
and shifted convolution sums which will prove proposition |9j Choose a positive function 
h E C£°(M + ), and let g G C CO (F+) be its n-fold product. Define C g = (E(g\z),l)/Vol(Y). 
Let 



9= 9 ( uy } 

be the symmetrisation of g under the action of O*, and let 

G(s,m)= [ g(y)Ny s - 1 X m (y)dy (22) 

be the Mellin transform of g thought of as a function on F + /0*. If denotes the 
multiplicative subgroup of norm 1 elements, we may use the formula of Efrat [I] for the 
volume of to invert this, obtaining 



21 



g(y) = ^— „ E / -^WKitods. (23) 

Let T > 1 and consider the integral 

U(T)= [ g(Ty)Ny- 2 ([ ^z)\F k (z)\ 2 dx] dy, (24) 
Jf+ \Jw/o J 

which may be rewritten by substituting (1231) and refolding the Eisenstein series as 

h(T) = -^- 5 Y^f G(-s,-m)T ns [ E{s,m,z)<P(z)\F k {z)\ 2 dvds. (25) 

We first use a contour shift to relate I^iT) to the inner product ((pF k , F k ). 

Lemma 12. For <fi a fixed Hecke-Maass cusp form or pure incomplete Eisenstein series we 
have 

I^T) = C g ((PF k , F k )T n + 0(T n > 2 ). 

Proof. Starting with equation ( )25l) and moving the contour of integration to the line Re(s) = 
1/2, we write 

I (t> {T) = C g {<t>F kl F k )T n + R 4 {T) 

with C g coming from the pole of the Eisenstein series at s — 1 (see section 111.31 for this 
calculation). R<j>(T) is the remaining integral along Re(s) = 1/2, 

R^T) = J p{z)(f>{z)\F k {z)\ 2 dv, 

with 

= E / -m)T ns E(s, m, z)ds. 

From the Fourier series expansion of E(s, m, z) and the bound for K~i r we have 

E{s,m,z) <^Ny 1 ' 2 + Ny- n - 1 l 2 {\s\ + ||m||) n+2 (l + (|s| + \\m\\)Ny- l ' n y , 

so that p(z) <C \/NyT n / 2 if Ny 3> 1. It follows from this and the rapid decay of 
<P(z)\F k (z)\ 2 that i^(T) T n ' 2 . * 

□ 

Restating this with I<j>(T) expressed in the form (T2~4"j) gives 

C g (cj ) F k ,F k )T n + 0{T n / 2 )= f g(Ty)Ny~ 2 ([ <j>(z)\F k (z)\ 2 dx) dy, (26) 

</f+ \Jw/o J 

22 



and we shall extract shifted convolution sums from the expression on the RHS after 
truncating our fixed form 0. Recall that this had a Fourier expansion 

0(z) = £ae(y)e(tr(£Kx)) (27) 

with the a^(y) bounded as in lemma ITTl If is a pure incomplete Eisenstein series, then 
we find that the contribution to I<f>(T) from the tail of fl27|) with ||£|| > T 1+e for any e > is 
bounded by 

Jl(T)T~ n/2+A+£ ' S2 T(£)\\€\\~ A+e ' < ^ 3 ™/2+e(n+l-A) 
||€[|>Tl+« 

by the support of g and lemma ITTl (which is the source of the e'). Here I\(T) is our main 
integral with chosen to be the constant function. As a result, the contribution of these 
terms to i$(T) is <C T n / 2 after choosing A sufficiently large with respect to e, and a similar 
argument works when is a fixed cusp form. If we define <fr* to be the truncated function 

<P*(z) = a i;(y) e ( tT (t KX ))> 

U\\<T^+* 

we therefore have 

C g ^F k) F k )T n = [ g(Ty)Ny- 2 ([ ^(z)\F k (z)\ 2 dx) dy + 0{T n / 2 ). (28) 
Jf+ \Jf/o J 

5.3 Extracting Shifted Convolution Sums 

In this section we shall expand the RHS of (128]) using the Fourier expansion of <f)*, writing 
C g (<f>F k , F k )T n = S (T) + S ^ + °( T ™ /2 ) 

0<||£||<T 1 + e 

where for any £ e O we define 

3 ( {T)= f g(Ty)Ny- 2 ([ a^y)e(tr^Kx))\F k (z)\ 2 dx] dy. 
Jf+ \Jf/o J 

Note that this definition gives us (|14p of proposition [9j The aim of this section is to 
analyse the objects S^(T) so that when we divide through by C g T n we have the remaining 
equations and bounds of proposition We first note that Sq(T) = for <fi a cusp form and 
by lemma [TTJ we have 

So(T) = (Jj^ + 0(T-/ 2 )) h{T) (29) 

for a pure incomplete Eisenstein series. We shall treat I\{T) and S^(T) for £ ^ 
seperately, beginning with £ ^ 0. Squaring out |F^(2;)| 2 and integrating in x gives 
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S^T) = V^V; 0,(17)0,(17 + ( I g(Ty)as(y)y k - 2 e- 2 ^^dy) . 

~^ vf+ J 



T)>0 

As the exponentials and g are positive, this satisfies 



S € (T) « la^T- 1 )! £ 10/(77)0/(77 + 0| ( [ g(Ty)y k - 2 e-™^ + ^dy) . 

Appealing to the Mellin transform H of h and applying the normalisations of 0/(77) an d 
0/(77 + 0; we ma y integrate in y to obtain 

S ^ « ArJrri r ~ 1)l 2 ^ E l A ^) A ^ + 01 
i\ kL{l,sjm z 7Tj +^ 



x 

i=l 



TT I 1 1 / rr(_ \ ( T V T( S + k t - 1) , 



Note that < r]i+£i/2, so that these factors may be omitted. We may simplify 

this expression using a lemma seen in the work of Luo and Sarnak. By [2T], we have 

which holds by Stirling's formula for any vertical strip < a < Re(s) < b. If we apply 
this to fl3"U|) we may invert the Mellin transform of h to obtain 



^CO « Jrn (r " 2 S E l A ^) A ^ + 01 

JVAL(1, sym^vr) 



r?>0 



X 

1=1 



4^(77, + 6/2); 1 1 W + 6/2 



The final step in proving ( TlTl) from this is showing that when this product is expanded 
out, the total contribution from all the error terms is <C Nk\\k\\~ u+€ T n+€ . It is enough to 
consider one such term which contains 'main term' factors at the first t places and error term 
factors at the last n — t. As the factors of h provide a truncation at the first t places, the 
contribution from this term is bounded by 



« £ IM,)M, + 0in<^) 



1+e 

(33) 



ijeo i>t 

\r)i+tiM<.Tki,i<t 
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If we let r = r] + £/2, then r G (because we may assume rji and rji + £j are positive), 
and because <C T 1+t we have r, + T 2 ^> max(r/j, 77, + £j) for all Therefore by Deligne's 
bound, 

K(v)K(v + < MfWfo + e < Ikir + T e 
and the expression (133|) may be simplified to 

Ti<^Tki,i<t i>t 

Because Tj <C Tfcj for 2 < i, this may be further reduced to 



< Nk e T n ~ t+e I I 



n<^Tki, i>t 
i<t 



If we project the set {r G i^O + : r< <C T&j, i < t} onto the last n — t real places, we obtain 
a set C G R n_ *, any two of whose elements are a distance > 5 = (T* [7^ fci)" 1/(n-t) from 
each other and the origin. The sum above may therefore be bounded by 



i<t •" > '%: 1 



so that the total contribution of our error term is < Nk e T n+e H i<t k] + \ As t < n, we 
are omitting a factor of size at least \\k\\ u from Nk, so this is <C iVA;|| k\\~ 1/+e T n+e as required. 
Therefore 



+ 0(A^A;|fc|- !/+e T n+e 

which is the bound (flTl) . 

We now deal with the case £ = 0. Squaring out |-Ffc(;z)| 2 and integrating in x gives 
Expressing a/ in terms of A,r and symmetrising by the action of O+, this becomes 
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h{T) = v / ^|a / (l)|V- fc V|A^)| 2 f / giTy^Kyf^e-^^d 

r,>0 VF+ 

= V^|o,(l)|V-* [ g(Ty)$(r,Ky)dy 



V^|o,(i)|V-* l A ^)l 2 ( [ giFvWmW 

M>0 \M/o* 



('/) 

where 



9(y) = g(uy), ip(y) = Y ( uy "> k lex p(- 47rtr N/))- 



If we let G(s,m) be the Mellin transform of g as in (I22p . then by the Mellin inversion 
formula we have 



UT) - j^MDI v- E i^wi 2 ^ E X, <*<-., -»> © "' 

(77) m J y a ) v 7 

n 

N(r]K)- s A- m (r)K) JJ(47r)^ +1 r(s + 0(m, i) + h- l)ds. 

8=1 

Forming the L-function from the sum over rj, this becomes 

sym 2 7r ® A-J -^fc^ lW)- fcl+1 r( S + /3(m, ») + h - l)ds. 



1=1 



When we substitute the value of |a/(l)| 2 and shift the line of integration to a = 1/2, we 
pick up a main term from the pole at s = 1 which is 

7r n G(-l,0)T n 



2D( F (2) ' 

and in section Hi. 31 it is shown that this agrees with the expected main term C g T n . We 
therefore have 

h(T) = C g T n + E 1/2 (T), (34) 
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with 



E 1/2 (T) 



(2n 2 ) n NK 1 / 2 X_ m (K) 1 
RVDL(1, sym%) 2iri 



m J (V2) V 4 V 



L(s, sym 7r <8> A_ 



£(s,A_ m ) £(> + P(m,i) + kj- 1) ^ ^ 



L(2s,A_ 



2m 



i=l 



(h - l)T(h - 1) 



If we apply the Luo-Sarnak lemma to|35]in the form 



r{s + f3{m,i) + h-l) 



< {h - 1 



,Ro(s), 



r(fc< - 1) 

together with the rapid decay of G(s, m), the convex bound for L(A_ m , s) and any lower 
bound of the form L(A_2 m , 1 + it) 3> 



« ( m 



1/2 



L(l, sym 2 7r" 



E 



1) A , we obtain 

|L(l/2 + 2t, sym 2 7r® A_ 
(1*1 + IHI + !) A 



-ds. 



(36) 



The asymptotic (fT5l) and bound f|T6|) for the error now follow by combining fl36l) . ([3 
and (129]) . which completes the proof of proposition [9j 



6 Sieving for Mass Equidistribution: The Mixed Case 

In this section we generalise proposition [9] to allow complex places of F. As we may no 
longer talk about holomorphic forms we now let F^ be a vector valued cohomological form 
with associated automorphic representation it, and as before assume the existence of a v > 
such that ki > for all i. Our bound for (<j)Fk,Fk) in terms of shifted convolution sums 
is as follows. 

Proposition 13. Let T > 1 and e > 0. Fix h E C^(R + ) positive and let g E C£°(R r + ) 
be its r-fold product, and define C g = (E(g\z), l)/Vol(Y). Let J be the set of r 2 -tuples 
J = {(jn+i, • • • ? Jr)|0 < ji < ki}. Fix an automorphic form (p with Fourier expansion 

H z ) = ^2 a t(y) e ( tr (t Kx ))- 

If (j) is a Hecke-Maass cusp form, then 

(c}>F kl F k ) = c~ x T~ n S ^ + °( T ~ n/2 )- (37) 

0<ll?ll<T 1 + e 

If (ft is a pure incomplete Eisenstein series, then 
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\ / n^llell^T"l + e \ / 



(38) 



0<||5||<T 1 + £ 



with 



R k (f) 



1 



/NkL(l, sum 2 ir 
Furthermore, we have the bound 



1 1/(1/2 + it, s2/m 2 7r <g> A_ m )| 
(1*1 + IHI + !) A 



(39) 



NkL(l, sym 2 n) 



(40) 



where 



\i7>0 i<ri 4 V 

X II _ j.)-/^ ^ 27r|^Ki| ^ 

Theorem [4] follows from combining this with proposition [TU] as in the totally real case. 
Most of the added difficulty in the proof of proposition [13] comes from the changes to the 
Fourier expansion of in the presence of complex places. The first difference is that F^ is 
vector valued, which is the source of the summation over J in (|40p . The second is that its 
Fourier coefficients contain Bessel functions, and so multiple Bessel integrals appear when 
we bound S^(T) in terms of shifted convolution sums. Section [67T1 below contains the Fourier 
expansions and L? normalisations of the automorphic forms on Y we shall work with, as 
well as the revised definition of I<f,{T) and its expression in terms of the shifted convolution 
integrals S^(T). The remainder of the proof of proposition [TBI will then lie in analysing S^(T), 
which we do in section [6721 in the case £ 7^ and in section [6731 in the case £ = 0. 

6.1 Revision of Basic Definitions 

The bounds we shall use for the Fourier coefficients of Maass forms and Eisenstein series are 
essentially unchanged from the totally real case. If is a Maass cusp form with spectral 
parameter r = (r*) then we have the expansion 

r 

<f>(z) = y/Ny^pit) ]jK irp (2Tr8 p \£ p K p \y p )e(tr(&x)) 

&o p=l 

where the p(£) satisfy the Ramanujan bound on average, i.e. 
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53 |p(0|<T». (42) 
llfll<r 

The coefficients of a pure incomplete Eisenstein series may again be expressed in terms of 
those of complete Eisenstein series E(s,m,z). The Fourier expansion of these is computed 
in section Hl.l| following Efrat in the totally real case jl], and is 



E{s, ro, z) = Ny s X m {y) + 0(s, m)Ny x - s \„ m {y) + ^Ny~x 



Ks p (s-l/2)+P(m,p)(27T5p\^pKp\y p ) <7i_ 2s -2m 

1 

where (3(m,p) is as in ([!]) and 



M ™ r(v + /?K P )) c(2*,A- 2m ) e(tr( ^ 



W 2 n r( g + /3(m,p)-l/2) -p. 

11 Ffc -U Rim <n\\ 11 



C(2s- 1, A. 



■2m 



6{s - 1/2) 



;r; r(« + ^(m,p)) AJL2s + /9(m,p)-l C(2*,A_ 2m ) 



0"l-2s,-2m(£«) 



J] r(s + /3(m,p)) J] 2- 2 T(2 S + /3(m,p))C(2 S ,A_ 2m ), 

p<ri p>ri 
A- 2m (c) 



|iVc| 



2s- 1 



By Mellin inversion we again have the two asymptotics 



a (y) = ^(Ny)\ m (y) + 0(Ny- 1 ), 

= y^(E(^m\z)A) + 0(NyV 2 ) (43) 

for the zeroth Fourier coefficient of E(ip, m\z) as Ny tends to and infinity. The bounds 
on the nonzero coefficients of Hecke-Maass cusp forms and pure incomplete Eisenstein series 
are also unchanged, and so lemma [Til of section [57TI continues to hold. We recall the formula 
for the Fourier expansion of the vector valued function Fk in W F : 

F h{z) = ^2a f (7])K k (r]Ky)e(tr(r]K,x)), 

r?>0 

where Kfe(y) are as in fl2j) and (j3J). The coefficients afirf) satisfy the proportionality 
relation a,f{rj) = A 7r (r])A^?7~ 1 / 2 a/(l), where a/(l) is given by (jl}. As before, we assume the 
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Ramanujan bound [ (77) | < r(r/); see the discussion of section[3]for the circumstances under 
which this is known. 

I<f>(T) is still a regularised unfolding integral over IV, and when constructing it we bear 
in mind that Mp ~ W + x F, and Tu\U F ~W + x (F/O). To define J^(T) we therefore choose 
a positive function h e C^°(M + ) and let g 6 Cg°(M+) be its r-fold product. Let 

£ = E 9(\u\y) 
be the symmetrisation of g under the action of and let 

G(s,m)= [ g(y)Ny s X m (y)dy x (44) 



be the Mellin transform of g thought of as a function on W + /0+. After calculating the 
volume of W + /0+ with the restriction of hyperbolic measure as in Efrat [3], we may invert 
to obtain 

9(y) = E / -m)Ny s X m (y)ds, (45) 

where V c is the volume of W + /0+ and is equal to 2 ri ~ r2_1+<5or i R (see section [11.31 for this 
calculation). We now define I<f>{T) to be 

I+(T)= I g^Ny-'ff <P(z)\F k (z)\ 2 dx) dy\ (46) 

JR r + \Jw/G J 

To rewrite this in terms of integrals against Eisenstein series, we symmetrise over 0\ 
and substitute (l4"5j) . giving 



W) = _±-W G(-s,-m)T ns [ WX(v) 

[z)\F k (z)\ 2 dxdy x ds 



m 



(a) Jw + /o> 

F/O 

iVy s A m ( 2 /)0(z)|F fc ( 2 )| 2 ^ 



00 \1B_F 



E / G (- s ' - m ) Tns / 

- J {a) JY 



S,-m)T nS / ^(5,771,2)0(^)1^(^)1^3. 



On shifting the line of integration to a = 1/2, we have the asymptotic 

!(/>{T) = C g {<pF k , F k )T n + 0(T n ' 2 ). (47) 
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(See sect ion Hi. 3 1 for the verification that the residue at s = 1 is correct.) Comparing this 
with the form (1461) of I<j,(T) and truncating the Fourier expansion of <fi to those terms with 
|| £|| <C T 1+t we arrive at the equation 



c(0F fc ,F fc )T n + O(T"/ 2 ) = f g(Ty)Ny- l (f <p*(z)\F k (z)\ 2 dx) dy* (48) 

JR r + \Jf/0 J 

where </>*(z) = a^(y)e(tr(^Kx)), 

U\\<T 1+e 

which is the starting point for our analysis of Fourier coefficients. 

6.2 Extracting Shifted Convolution Sums: Nonzero Shifts 

Define S^(T) to be the contribution of the £th Fourier coefficient of to ( 148|) as before. 
It remains to estimate S^(T) in terms of shifted convolution sums, which we do first when 
£ 7^ 0. Squaring out |Ffc(z)| 2 and integrating in x gives 



r?>0 

Applying Holder's inequality, this becomes 



T?>0 

1/2 



s 6 (T) « Mr- 1 )! 53 10,(17)0,(17 + 01 f / g(Ty) 

Ny^dy* 



^ + «^ 1/2 |K fc(f ^)|= 



Nr] 

r 

The second term in this integral behaves identically to the first, and we ignore it for 
simplicity. Applying a change of variable and the normalisation 0,(77) = ^7r(?7)Af?7 -1 / 2 a,(l), 
we have 

St(T) « MT-^l^afWafb + WWv + t)) 1 * 

ri>0 

-L,\lv A..M2 j\r„.-l j„.x 



g(T\rj K \- l y)\K k (y)\'Ny-"dy 
« |a e (T- 1 )||a,(l)| 2 ^|A 7r (7 7 )A 7r ( ?7 + £)| (49) 

ri>0 

g(T\r,K\~ l y)\K k {y)\ 2 Ny~ l dy*. 
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We have the following formula for \Kf\ 2 from fl2]) and ([3]), 

\Kk(y)\ 2 = II <«p(-4*Tft) J] E ) l^/ 2 -i(4^)| 2 , 

«<ri i>ri j=0 ^ ' 

where we now take j/jGR for all z. For a multi- index j = (j,,) G J we define K^j(y) to 
be the corresponding term in the formula for K^(y) so that 

\K k j(y)\ 2 = II ^exp(-47r yi ) J] V^Cfy \K ki/2 ^ yi )\\ (50) 
and define S^j(T) be the corresponding term in S^(T). We shall partition J as Jo U Ji, 

1 /2 

where Jo = {j | min(jj, ki — ji) > k { }. The reason for seperating the indices in this way is 
that for j G Jo, the arguments of all the Bessel functions appearing in (J50~]) are bounded away 
from ±ki/2. As a result, when we calculate the Mellin transforms of \Kkj(y)\ 2 the gamma 
factors which appear have arguments with large real parts, and so we may approximate 
them well using the Luo-Sarnak lemma. For j G Jo this lets us give good bounds for 
S^j(T), while a weaker bound will suffice for the remaining terms because J\ is small (in 
fact | Ji| *C ||fc|| _I/ / 2 | J|). We begin by deriving this weak bound for all j, interchanging the 
sum and integral in (I49p to obtain 



%(T)«|a 5 (T- 1 )||a / (l)| 2 / ^{y^Ny' 1 V \K(v)K(v + ^W^K^dy* . (51) 
The inner function 

r?>0 

is bounded above by the sum over r\ such that Tyi <C \r)i\ <C Ty^ for all i, weighted by 
A 7r (^)A 7r (r7 + £)| ||T?/|| £ , from which it follows that 

r 

£ |A 7r (7 7 )A 7r (7 7 + OlgiTlv^y) « T n+ *Ny J](l + yf). 

r)>0 i=l 

Applying this to f l5"Tj) gives the upper bound 



%(T)«T"+> 5 (T- 1 )||a / (l)| 2 / \K k ,(y)\ 2 H(l + yl)dy\ 

Jk + i=i 

We may factorise this integral as a product over the Archimedean places, and at each 
place we will bound the product of the local integral and the corresponding terms of |a/(l)| 2 . 
The factor corresponding to a real place i < r\ is 
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(4tt 



Jo r(fci) 



« K- 

For i > r 1; it is 



(27r) fcl /fc 



r(fc,/2 + i) 2 Vii 

and we may evaluate this using the following formula, taken from [TO] : 

jyW„Wv = r^ijllr . (52) 

Applying this, we obtain 

i / r(^/2 + 1) 2 



r(^/2 + l) 2 VjV V T(A;, + 2) 



rOi + i)r(Ai-ji + i) 



+ r( r(^ + 2+ C e / ) 2)2 rU + 1 + €/2)m - ^ + 1 + 6/2) I k 



1-e 



Multiplying these local integrals gives the bound 

%( T ) « r l? (rl 2 V fcC TT v 1 , (53) 

L(l,sym 2 7r) ^ 
and so the contribution to S%(T) from all j G Ji is bounded above by 



< M? 1 *)l ||/ ; ||-^, 

L(l, sym 2 7r) 

We shall treat the terms with j 6 Jo more carefully, by factorising the inner integral in 
and using Mellin inversion to estimate each factor. As before, we shall pair each local 
integral with the corresponding factor from |ct/(l)| 2 . For i < n we need to consider 

,1;Tr 1 Mr|^rW^ 1 exp(-47ry)^ x , (0 1) 



which by Mellin inversion is equal to 



4 * ' IMm'» (55) 
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Applying the Luo-Sarnak lemma to this, we have 



; h(-s)(—^—) (h - iy(i + o((\s\ + i)V))*» 



ki V V 4Tc\riiKi 



Choosing a = 1 + e gives the final bound 

H < 5( k (w) +0(WMW) )- (56) 

For i > ri, we must consider the integral 

fW5TTpft) /^MTlwc|-'»yi^(^)l'*». (57) 

Applying Mellin inversion using ( |52l) . this becomes 

Because j G Jo, j% and h — jj are > k x J 2 so we may apply fl3Tl) and choose a = 2 + e to 
obtain 

07) «; ■ , , /, I Ty^lES. ) + o ( fcr 3/2+e (T/|^|) 2+e ) . (58) 



h{h~ji)ji \ 2tt|^k 
Substituting the bounds (J55|) and ([58]) . equation (j4U|) becomes 



TT ; 7i 1 ^ r v*(fr-*) ) +0 ^ r 3 /2+e(T/| |)2+ , 



h{h-j%)ji \ 2n\ViK 



x 

i>ri 

As in the totally real case we may use the bound [ A^- (77) j <C Nrj e to show that the 
contribution to the sum from all error terms is 0(\ J| _1 ||/i;||~^/ 2+e T n+,: ), so our upper bound 
may be rewritten 



i>ri 
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On summing over j it can be seen that we have proven the inequalities (|40l) and (|4T|) . 
where the terms for j G J± are absorbed into the error term. 



6.3 Extracting Shifted Convolution Sums: The Zero Shift 

Having dealt with the 'error' terms with £ 7^ 0, it remains to prove ( |38l) and ( l39l) by consid- 
ering the 'main' term So(T), which by ( 1431) reduces to studying the integral h(T) as in the 
totally real case. Squaring out |Ffc(z)| 2 and integrating in x, we obtain 

h{T) = 2-^^\D\J2 Mv)\ 2 ( giTy^K^Ky^Ny^dy*. 
Applying the normalisation of a/(r/), we have 

h(T) = 2-^^\D\\a f (l)\ 2 NKY^\K(r,)\ 2 [ giTyW^KyY^^Ky^dy*. 

As with the non-zero shifts, we may expand this into a sum over the multi-indices j G J, 
and denote the jth term by Iij(T). If we define the symmetrised functions g and ipj by 

g(y) = J2 9(uy), %M = N v~ x Yl I^WI 2 . 

then hj(T) may be expressed as 

h,j{T) = 2- r ^ + ^/\D\\a f (l)\ 2 NK ^ |A^)| 2 / g{Ty)^{r)Ky)d y x 

(v)>o + 

= 2- r ^ + ^\D\\a f {l)\ 2 NK J2 \K(V)\ 2 j + g(Ty)^( V Ky)dy\ 

(n)>o ^ R +/°i 

Note that the factor of u + arises because the quotient of + by 0* contains each ideal 
with this multiplicity. If we let G(s, m) be the Mellin transform of 7j as in ( 12 2 p then Mellin 
inversion gives 



/ g{Ty)ipj{r]Ky)dy" 

JR r ,/0+ 



ns 



N(r)K) s X- m (r]K)T(k,j,s,m)ds, 



where T(k,j, s, m) is the Mellin transform of ipj and is given by 
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T(k, j, S ,m) = n (4vr)-^ +1 r(s + (3(m, i) + h - 1) 



X ( k ^0W(™, & + (gKO + ^)/ 2 ) 2 

M W 8r(2 a + /3K<) + *i) 



r(s + /3(m, i)/2 + j,)r(s + /3(m, i)/2 + k, - 3l 
Substituting into h,j(T) and forming the L-function from the sum over 77, we have 



L(s,sjm 2 7T <g> A_ m ) ^ S '^ my r(/c,j, s,m)ds. 
We now substitute the value of |ct/(l)| 2 and shift the line of integration to a — 1/2, giving 

^ = ^ + « (59) 



with 



(1/2) 

2_ , . L(s,X ,,') 



rp \ns 

V 



L(s, sym ?r <g> A_ m ) ' -T(k, j, s,m)ds. 

By Stirling's formula and the rapid decay of G(s, m) this error may be bounded above 

by 



(rpn \ V 2 j ^ ^ 1 



V / 1^(1/2 + it sym 2 7r ® A_ m ) | 
^ ' (|t| + ||m|| + 1) A V ; 



for any A > 0. Because x 1//2 is integrable at 0, 

y [] 1 
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is bounded independently of k so that when we sum ( |59|) and fl60|) over j we obtain 

I l (T) = cT n + 0(T n l 2 R k (f)) 1 



with 



R k (f) 



1 



/NkL(l, sym 2 7r 
This completes the proof of proposition 



| L(l/2 + it, sym 2 vr ® A_ 
(1*1 + IHI + l ) A 



-dt. 



7 Application of the Large Sieve 

In this section we complete the proof of theorem [4] by establishing the bounds of proposition 
HOI for the shifted sums 

Q(x) = ^|A 1 (r / )A 2 (r / + OI, 

r]<x 

where Aj are multiplicative functions on + satisfying |Aj(r])| < T m {rj) for some m and 
x = (xi) satisfies Xj > \\x\\ u for some v > 0. We first rearrange and partition the sums into 
pieces which may be treated either by elementary methods or by a large sieve. We assume 
that < || £|| < \\x\\ u , and given e > we will be working throughout with a choice of 
variables satisfying 



z = \\x\\ l ' s with s = elog log x, (61) 

y = Nl e - (62) 

We factorise the ideals (rj) and (r] + £) as 

(77) = ab and (?? + £) = a^b^ 
in such a way that for every prime ideal p dividing i](r] + £), 

p|aa 5 =^iVp<z and p|bb € =>- Np > z, 

and partition the sum C%(x) into parts depending on the norm of a and a^. We denote 
by C y (x) the part of C^(x) in which either Na or Na^ is greater than y, 

r)<x V< x 
Na>y Na^>y 

and the part where both Na and Na^ are less than or equal to y we denote by C y (x), 
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so that C ( (x) = C y (x) + C y (x). 



r]<x 
Na,Na ( <y 



7.1 Treating C y (x) by Elementary Methods 

We first handle the terms with iVa or Na^ large. We begin by applying Holder's inequality 
and \\i(r))\ < r m {rj) to get 



C v {x) < 



\Na>y / 



1/2 



1/2 



E T ^^) 
^<*+ll£ll 



We know that x + ||£|| < 2x by our assumption on £, and have the bound 

J]r„ 4 t (r ? )«iVa;(log||x||)^ 

for some A. As all prime factors of Na must be at most z, we may use a Rankin's 
method argument ([25], Thm. 7.6) to bound the number of allowable values of Na up to t 
by t(logt)~ A for all A. Combined with a bound of <C (logt) n for the number of a with norm 
t, we see that the number of choices for a with Na < t is <C t(logt) -A . Partial summation 
and our choice of x, y and z then gives the bound 



Nx 



(ri):Nri<Nx 
Na>y 



(log \\x\ 



for any A, and the upper bound of (log ||a;||) ri 1 for the number of r] < x generating a 
given (ry) lets us conclude 



C y {x) < 



Nx 



(log ||x| 



(63) 



7.2 Treating C y {x) by the Large Sieve 

From our definition of C y (x), we are left with evaluating 

C„(aO< Yl l A i( fl ) A 2(a c )| X) |Ai(b)A 2 (b^)|. 



Na,Na£<y 
p\aa^Np<z 



r)<x 

n=o (a) 

p|bb 5 =>iVp>z 
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To help deal with certain co-primality conditions which come up during our analysis, we 
pull out the greatest common divisor o of a and a^, which we choose to have a normalised 
positive generator v. Writing i] v — rj/v and rj v + w = (rj + £)/v, we again factorise (r) v ) and 
(r] v + w) with (a, a^) = (aa^, w) = O, so that 

E E |Ai(oa)A 2 (t)^)| E |Ai(b)A 2 (b c )|. (64) 

?™=£ Na,Na£<y/Nx> t] v -^x/\\v\\ 
v normalised p| a a e =>7Vp<z r^r (oo e ) 

(o,a 5 )=(ao e ,w)=0 p|bb 5 =>iVp>z 

Here we applied the Chinese remainder theorem so that the residue class r in the 
innermost sum satisfies r = (a) and r = — w (a^). The Ramanujan-Petersson con- 
jecture and our choice of s in floTj) imply that |Ai(b)A 2 (bg)| <C (log ||x||) 2me , as we have 
|Ai(p Q )| < r m (p a ) < 2 a+m ~ 1 and b = p" 1 . . . pf* with ai + . . . + a t < s. We may therefore 
substitute this, and proceed to bound the count 

E L ( 65 ) 

Vv<.x/\\v || 
r\ v =r (oa 5 ) 
p|fab f =>7Vp>2; 

Choose normalised generators a and for a and a^, which will satisfy ||a||, ||a^|| <C 
y x l n 1 1| t> || . Writing r\ v = aa^m+r with r chosen in a negative fundamental domain for F/ (aa^) 
(so that aa^m > 0), we note the following equivalences between divisibility conditions for 
primes with Np < z : 

pj(b <^=> pj((a^m + r/a), 
PJ(h <=^> P)((am + (r + w)/at). 

For fixed normalised a and ag satisfyuing (a, a^) = (aa^,w) = C and ||a||, ||a^|| <C 
y 1 / n /||t'||, we see that the count in (IB"oT) is bounded by S = \S(M., V, 0)| where we define 
<S(.M, to be the 'sifted set,' 

S(M, V, Vt) = {meM\m (mod p) £ fi p for all p G T 3 }. 

Here, 

.M = {m G | < mvaa^ <C x}, 
P = {p | 2 < iVp < z}, 

and the set Q = [j pe -p ^ P of residue classes to be 'sieved out' is given by 

{{ri (mod p)} for p|a 
{r 2 (mod p)} for p|a ? 
{r 1 ,r 2 (mod p)} for p /aa ? , 
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where r\ = — ajr/a (p) and r 2 = —a(r+w)/a^ (p). Here the overline means multiplicative 
inverse mod p. 

We now apply a variant of the standard large sieve for the lattice Z n . Let d = (di) with 
di > \\d\\ u for some v > 0, let B(d) be the box with dimensions d centred at the origin in M n , 
and D(d) be the image of B(d) under any rotation. If V is a set of rational primes, define Q p 
to be a subset of L/pL of cardinality ui(p) for each p EV, and define a sifted set S(C, V, fl) 
by 



S(C,V,Q) = {m E C;m (mod p) ^ Q v for all p G T 3 }, 
with£ = Z n nD(d). 

We than have 

\s(c,v,n)\^ x 

for any ||<i||^ 2 > Q > 1, where 

and is the multiplicative function supported on squarefree integers with prime divi- 
sors in P such that 

Hp)- u(p) 



p n — oj(p) 

This form of the large sieve may be proven using soft techniques of Poisson summation, 
described in chapter 7 of [17]. To apply this in the number field, identify O with Z n and for 
each p, construct a set Q p from the fl p with p\p using the Chinese remainder theorem. We 
then have 

w(p)>(o P + /3p)p n - 1 + 0(p ft - 2 ), 

where a p is the number of degree 1 primes above p and (3 P is the number which do not 
divide aa^. We then have the lower bound 



tf»(i ogZ ) 2 n(i-^) 



p\aa,£ 

so that the count (|65|) is bounded by 

-l 



Nx 



(logz) 2 Mma £ ) J- 1 V 

p|aaj 



Plugging this back into fl64"|) . we obtain 
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« w .Wf!^ >T >T |Ai(t»a)A 2 (oae)| tt A 1 V 1 



uto=£ Na,Na^<y/Nx> p\aa^ 
v normalised p| a a c =>ATp<z 

(a, af )=(aa(,w)=(D 

For each u, we may bound the inner sum from above by an Euler product. If p J(v, the 
corresponding term is 

1+ \MP)\ + \HP)\ +0{Np - 2+ e ) {m) 

by our bounds on |Aj(p)|, and if p\v it is 

|A 1 ( P )A 2 (p)| +0(iVp _ 2+e) _ 



Np 

( 1671) is at most 1 for almost all p, and so for any v we may bound the inner sum by 

Ai(p)i + iA 2 ()j)r 



«n(' 

Np<z 

This gives the bound 



Np 



° {X) <<= (log||,||)- 11 I 1 + Np ) 

when combined "w 
concludes the proof of proposition [TU1 



Np<z 

for C y (a;), and when combined with our partition of C^(x) and the bound (1631) this 



8 Proof of Theorem [5 

In this section we shall prove theorem [5] by extending Soundararajan's approach of weak 
subconvexity to a number field. We prove the necessary triple product identities in section 
18.11 before showing that the triple product L functions which appear satisfy the hypotheses 
of Soundararajan's theorem in section [8721 



8.1 Triple Products 

Throughout this section, C will denote a constant depending only on F which may vary 
from equation to equation. We shall also let a denote the conjugate linear automorphism of 
7r corresponding to complex conjugation on X, which has the property that (cr(u),a(v)) = 
(u,v). We begin with the following triple product identity in the case of a Hecke-Maass 
cusp form. 
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Proposition 14. Let be a Hecke-Maass cusp form with associated automorphic represen- 
tation it' . Then 



l<^>| 2 = C A „ A( ^f;r'' (68) 
A(l, sym z ir) z A{l, sym Zr n') 



^L{\, sym 2 n <8> n') 
L(l, sym 2 %) 

where ~^ means that the ratio of the two quantities is bounded between two positive 
constants depending only on (p. 

Proof. Because \F k \ 2 dv is the pushforward of \R n (v k )\ 2 dx, the inner product {4>F k ,F k ) is 
equal to 

/ \Rn{vk)\ 2 <f>dx = / R^VkjR^a^^dx, 
Jx Jx 

and we may evaluate the RHS of this expression using Ichino's formula. Let / = £g>/j 
and V = be the products of the Archimedean local factors of tc and n', ki and r[ be the 
relevant parameters of these local factors, and u 6 /' be the unit spherical vector. As all our 
vectors are unramified and our division algebra is split, the statement of Ichino's formula in 
this case is 



2 

R K {v h )R K {a{v h ))(j)dx 



<x 



1=1 



L(l, sym 2 7r) 2 L(l, sym 2 7r') ' 

where v k = ®v ki and u = (gJttj. If Pi is a complex place the ith local integral appearing 
in the product was computed in [23] to be 

r , l+fcj±ir< \ 2 r ( l±ir' N 2 



C—^ r — i '—, (71) 



r(i + %) 4 r(i±z 



vr 



2 

and up to an absolute constant this is equal to the ratio of the Archimedean factors at 
the place z/j of the L functions appearing in (ITUj) . In the real case the local integral may be 
determined by comparison with Watson's formula, and is 

F R (A; t - 1/2 ± ir'^jh + 1/2 ± ^)r R (l/2 ± ^)r R (3/2 ± ir[) 

r R (^-l/2) 2 r K (A; 4 + l/2) 2 r R (l/2±2^) ' [ } 

This is again proportional to the relevant Archimedean factors of the L functions ap- 
pearing in (I70p . which gives ( l68l) . Finally, the Archimedean factors (I72p and ( J7T1) have the 
asymptotic behaviours k^ 1 and k^ 2 as ki — » oo, which gives (169|) . 

□ 
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We now treat the inner products (E(s,m, -)F k ,F k ) against spherical Eisenstein series by 
unfolding, to obtain the following formula. 



Proposition 15. 



(E(s,m,-)F k ,F k )\ = C 



A(l/2 + ii,7r<g>7r<g) A. 



A(l,sym 2 7r)A(l + 2it,A„ 



2m) 



\(E(s,m,-)F k ,F k )\ < 



(1 + |*| + |H|) n / 4+e 

Nk 



1/(1/2 + it, sym 2 TT (g) A_ m ) 



L(l, sym 2 ii) 



(73) 
(74) 



Proof. For Re(s) > 1, by unfolding and substituting the Fourier expansion of F k we have 



(E(s,m,-)F k ,F k ) = [ Ny s X m (y)\F k (z)\ 2 dv 



= \a f (l)\ 2 [ Ny'^y^MOfNC'lKkfaytfdv. 

TooXKp ~ ¥/Ofx+ x W + /0+, where //+ acts on F/(9 by multiplication, and the volume 
of ¥/Ofi + is 2^ r2 u;+ 1 v ^D]. We therefore have 



(E(s,m,-)F k ,F k ) = la^l)!^-^; 1 - 



D\ / Ny s X m (y) 
Y,\Ui)\ 2 NC l \K k (iKy)\ 2 Ny~ l dy\ 

Making the change of variable y h-> and unfolding the integral over O*, this 

becomes 



(0 

/ 7Vy s A m (y)|K fe (y)| 2 7V y -^ 2/ x 
= l«/(l)| 2 2 



2 — ypf N/c 1 - A_ m («) L(s '^^ A - m) 



/ 



L(2s, A_2m) 



7Vy s A m (y)|K fe (y)| 2 7V y -Vy x 



(Note that the factor of LU+ 1 vanished because 0/0+ counts every ideal with this multi- 
plicity.) We factorise the integral ocurring here, and pair each factor with the corresponding 
term of |a/(l)| 2 so that 
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/Z7Y1/0, •+ \ j? t? \ n L(l/2 + it,ir ®tt ® A_ m ) A 



where for % < T\ we have 



^ = ^/ ° 2/1/2+i<+/3(m " )|Ki(y)lV1 ^ X ' 
and for i > r\ 

T = r v 1+2it+ ^ m ' i) \K-(v)\ 2 v~ 2 dv x 

h r(V2 + i) 2 Jo ' 

The integral at real places may be easily calculated to be 

T. - fA„\W-it-0(m,i) T ( k i - 1/2 + it + (3(m, i)) 

and the integral at complex places was calculated in [23J to have absolute value 

T (1/2 ± (it + f3(m, i)) + h/2) r (1/2 ± (it + P(m, i))) 
r(l + |) 2 |r(l + 2^ + 2/3(m,i))| 

Both of these terms agree in absolute value with the ratio of gamma factors at the 
corresponding infinite place of the L functions appearing in (|75|) . which proves formula (I75|) . 
To prove (174]) . we use Stirling together with the bound \T(a + it)\ < T(a) to show that 
\Ti\ <C k { for Ui real and T% <C k^(l + \t + f3(m,i)\)~ 1 / 2 < k^ 1 for z/, complex. This gives 



\(E(l/2 + it,m,-)F k ,F k )\ < 



Nk- 1 ' 2 



Nk- 1 / 2 



L(l/2 + it, TT <g> TT (g) A_„ 



L(l,sym 2 7r)L(l + 2*t,A_ 2m ) 
L(l/2 + it, sym 2 7r <g> A_ m )L(l/2 + it, A_ 



L(l,sym 2 7r)L(l + 2it, A_ 



2m 



and applying the convex bound £(1/2 + it, A_ m ) <C (1 + \t\ 
bound L(l + 2it, A_ 2m ) > (1 + |t| + ||mj|) -e Y ields (C3D- 



| m ||) ?1 / 4 + (E a nd the lower 

□ 



8.2 Weak Sub convexity 

Having expressed the inner products (<f>Fk, F k ) for a Hecke-Maass cusp form or Eisenstein 
series in terms of L values, we now prove theorem [5] by applying the weak subconvexity of 
Soundararajan |36j to these values. This is a theorem which is valid for any Dirichlet series 
L(s, tt) over the rationals satisfying certain conditions, which we now describe. The first of 
these is that L(s, tt) may be given by an Euler product 
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^)=E^=nn(i-^)"'. 

n=l p j=l V P / 

and that both the series and product are absolutely convergent for Re(s) > 1 (the notation 
L(s, 7r) is meant to suggest that ir corresponds to an automorphic representation, although 
this is not assumed). The second is that there is an Archimedean component 

m 

L O0 (s,n)=N s / 2 l[r R (s + f i 3 ) 

3=1 

for N G Z and fj,j G C, such that the completed L function A(s, n) = L^s, tt)L(s, n) has 
an analytic continuation to the entire complex plane. Moreover, it should satisfy a functional 
equation 

A(s, 7r) = /cA(l — s, 7r), 
for k a complex number of absolute value one and where 



L(a,5r)=X;^, and L °°( s ' 5r) = A s/2 JJ r M (s + 777). 

n=l j=l 

These conditions are quite general, and hold for all the L functions appearing in our 
triple product identities. In addition, we require some bounds towards the Ramanujan- 
Selberg conjectures for ir, which predicts that \aj :7T (p)\ < 1 and Re(fij) > 0. Write 

L' . ^A»A(n) 
— —(3,71) = y , 

n=l 

where A 7r (n) = unless n = p k is a prime power, when it equals ^2™ =1 oij jn (p) k . We 
require the existence of two constants A , A > 1 such that for all x > 1 the inequality 

y M^ A(n) < A 2 + A^ (76) 
^ n log ex 

x<n<ex 

is satisfied; note that the Ramanujan conjecture would imply this with A = m and 
A <C m 2 . The condition on the parameters /ij is that Re(/ij) > — 1 + 5 m for some 5 m > 
and all j. If we define the analytic conductor of n to be 

m 

C(7r) = JVlJ(l + |^-|), 
Soundararajan proves the following. 
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Theorem 16. Under the assumptions on L stated above, 



(logC(7r))i-«' 

where the implied constant depends on m, e, A , A and S m . 

We may prove theorem [5] by applying this result to the L values L(l/2, sym 2 7r £g> tt') and 
L(l/2 + «t, sym 2 7r(g> A_ m ) appearing in equations ( 1691) and ( 1741 . once we have established that 
the L functions satisfy the necessary hypotheses. While they are L functions over F, they 
may be considered as being over Q by formal base change. We begin with L(s, sym 2 7r® A_ m ); 
if L(s, 7r) has the Euler product expansion 



Ms, n) 

p 

L(s, sym 2 7r ® A_ m ) is given by the Euler product 



Recall our assumption that |a T (p)| = |/3,r(p)| = 1- The Archimedean factor of this 
function is 

Loo(s, sym 2 7r ® A_ m ) = Loo,j(s, sym 2 7r <8> A_ m ), 

where 

-^ooj(s,sym 2 7r ® A_ m ) = T R (s + 0(m,j) + l)T R (s + (3(m,j) + kj - l)T R (s + f3{m,j) + kj) 
for Uj real and 

Ax>jO,sym 2 7r <g> A_ m ) = r c (s + kj/2 + (3(m, j)) 2 T c (s + (3{m, j)) 

= T m (s + kj/2 + P(m,j)) 2 T R (s + kj/2 + 0(m,j) + l) 2 
T R (s + P(m,j))T R (s + (3(m,j) + l) 

for Vj complex. In particular, it can be seen that all fj,j satisfy Re(/i 3 ) > 0. By work of 
Shimura, it is known that the completed L function A(s, sym 2 7r £g> A_ m ) admits an analytic 
continuation to the whole complex plane and satisfies the functional equation 

A(s, sym 2 7r eg) A_ m ) = A(l — s, sym 2 7r ® A m ). 
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Therefore the L function we consider satisfies all the hypotheses of Soundararajan's 
theorem as an Euler product over F, and it will continue to do so when considered as a 
product over Q - in particular, it will continue to satisfy the Ramanujan bound. To apply 
the theorem to the value L(l/2 + it, sym 2 7r ® A_ m ) we replace L(s, sym 2 7r cg> A_ m ) with the 
shifted function L(s + it,sjm 2 n <g> A_ m ), which still satisfies all the hypotheses and whose 
analytic conductor is now <C Nk 2 (l + |t| + ||m||) 3ri , to obtain 

L(l/2 + it, sym vr <g> A_ m ) « ( logA r fc )i-e • 

Turning now to L(l/2,sym 2 7r Cg> n'), let L(s,tt') have the Euler product 

<(p)V7, K(v) 



p 

so that L(s, sym 2 7r <g> ir') has the product expansion 



A^p s / V ^P s / V ^P s 

This L function does not necessarily satisfy the Ramanujan bound because we are not 
assuming it for the representation n', however because ir' is fixed the weaker estimate (ITS]) will 
still hold by Rankin- Selberg theory applied to n'. The Archimedean factor L 00 ^{s, sym 2 ^®^') 
at a real place is 



Loo,j{s, sym 2 7r <g> n') = T R (s + kj - 1 ± ir'j)r R (s + kj ± ir'j)T M (s ± ir'^T^s + 1 ± ir'j) 
and at a complex place is 



LocjCs, sym 2 7r ® tt') = T c (s + fcj/2 ± zr;/2) 2 r c (s ± irJ-/2) 

= r M ( s + %/2 ± ^./2) 2 r M ( s + %/2 + i ± ^;/2) 2 

r M (s±zr;./2)r M (s + l±2r;/2). 

The required bound Ke(fij) > — 1 + 5 now follows from the trivial bounds Im(r') < 1/2 
for j/j real and Im(r') < 1 for z/j complex. It is known by the work of Garrett [7J that the 
completed L function is entire in C, and its value at s is equal to its value at 1 — s. It 
only remains to show that L(s, sym 2 7r cg> it') satisfies the weak Ramanujan bound (J75|) as a 
Dirichlet series over Q. We have 
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p n=l ^ 

and L satisfying the weak Ramanujan bound as a Dirichlet series over Q is equivalent to 
the bound 



v kA JK"(p) + ffl)K"(P) + i + g(P))l 2 < ^ A c 



Np n ~ log(ex)' 

x<Np n <ex 

Applying the Ramanujan bound (^(p)! = |Ar(p)| = 1, we only need to show that 



E l 0gj y p K» + g»)l 2 <^ + ^£- 

x<Np n <ex 

for all x > 1, where A and Aq are constants which are allowed to depend on it'. This 
follows from Rankin-Selberg theory for L(s,ti' x tt'), whose logarithmic derivative is 

-^-(sy x V) = Ef>g W a?w +5 (P)|2 - 

p n=l " 

Because L(s, 7r' x 7?') has a classical zero-free region Re(s) > X — d^f log(l + it follows 
in the same way as the proof of the prime number theorem that 



v logiVp|a;"(p) + /3r(p)| 2 _ 



Np™ \hg(ex) 

x<Np n <ex 

from which (1761) follows. As L(s, sym 2 7r<S>7r') has analytic conductor <C A^fc 4 , we may now 
apply the weak subconvex estimate to L(l/2, sym 2 7r eg) 7r') to complete the proof of theorem 



9 Conclusion of Proof 

We now conclude the proof of theorem [31 by presenting the way in which theorems |5] and H] 
may be combined as in Holowinsky and Soundararajan's paper [15J. This relies on a lower 
bound for L(l, sym 2 7r) and a relation between this value and the quantity M^iji) appearing in 
theorem HI We first consider the symmetric square L function L(s, sym 2 7r), whose definition 
and basic analytic properites were given in section I8.2[ and collect some important results 
on it due to work of Gelbart and Jacquet [8], Hoffstein and Lockhart [12], and Goldfeld, 
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Hoffstein and Lockhart |9j. The lower bound we shall use for L(l,sym 2 7r) is proved using 
the symmetric square lift of Gelbart and Jacquet [8 J from GL(2) to GL(3), which shows that 
L(s,sym 2 7r) is the standard L function of a cuspidal automorphic form on GL(3). Using 
the Rankin-Selberg convolution for this form, one may then establish a standard zero-free 
region for L(s,sym 2 7r). For instance, using Theorem 5.42 (or Theorem 5.44) of Iwaniec and 
Kowalski [17] one may show that for some constant c > the region 

K=\s = a + it: a>l 



tog ||A;||(l + |t|) 

contains no zero of L(s, sym 2 7r) other than possibly a simple real zero. This exceptional 
zero is ruled out by work of Hoffstein and Lockhart [12] (see the appendix by Goldfeld, 
Hoffstein and Lockhart [9]), who show that there is an effectively computable choice of c > 
such that 1Z is totally zero free. Furthermore, Goldfeld, Hoffstein and Lockhart |9J show that 

L(l,sym 2 7r)»-4^- (77) 
log || A; || 

The first consequence of this lower bound is the following. 
Lemma 17. For any {Gl and m G Z n_1 , we have 

2 . Nk 1/2 (1 + 1*| + ||m||) 3n/4 

L(s, sym 2 n ® A m < n , '., u _ e • 

(logllfcH) 1 e 

Therefore the quantity Rk(ir) appearing in theorem^ satisfies 

RkW « n ^wrp- 2 s « ( log ™ e - 

(log ||fc||)L(l, sym 2 n) 

Proof. The first inequality follows from weak subconvexity, and is proven in section [8721 The 
second bound follows immediately by substituting the first in the formula for Rk{^) and 
applying the lower bound ( 177|) for L(l,sym 2 7r). □ 

The relationship between Mfc(7r) and L(l,sym 2 7r) we shall use is based on the following 
lemma. 

Lemma 18. We have 



L(l, sym 2 n) ^> (loglog || k ||) 3 exp J 



Np 

Np<\\k\\ r 

The proof of this over Q in [15] may be extended to a number field; the only modification 
is generalising the asymptotic J2 P <x Vp = loglogx+0(l) to J2 Np<x 1/Np = loglogx+0(l). 
Lemma [TBI gives us the required estimate for M k {ji) below. 
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Lemma 19. We have 

M fc (vr) « (logllfelD^aoglogHfelD^l^ymV) 1 / 2 . 
Proof. From the inequality 2\x\ < | + \x 2 and the Hecke relations, we obtain 

2 V K(p)| < 2 v J_ 3 v A^(p) 2 _ 13 v J_ 3 v A^(p 2 ) 
^ Np ~ 3 ^ Np 2 ^ iVp 6 ^ JVp 2 ^ iVp ' 

Afp<||fc|| r JVp<||fc|| WP<II*II Np<||fc|| ATp<||fe]| r 

Using lemma [181 and ^2 Np<x 1/Np = log log a; + 0(1), the lemma follows. □ 

We may now prove the decay of {4>Fk, Fk) for a Hecke-Maass cusp form or pure incom- 
plete Eisenstein series. We consider the Maass case first. If L(l,sym 2 7r) > (log || /c||)~ 7 / 15 , 
then theorem [5] gives ((j)Fk, Fk) <C (log || A;||) _1 / 30+<: . Otherwise, from lemma [191 we have that 
M fc (7r) < (logUfcH)- 1 / 15 ^, and now theorem H] gives (4>Fk,Fk) <C (log||A;||) V 30 + e . Therefore 
the bound of theorem [3] holds in either case. 

In the Eisenstein case, we begin by showing how theorem may be used to treat pure 
incomplete Eisenstein series in the cases where L(l,sym 2 7r) is large. By Mellin inversion, we 
may write 

1 f 

E(ip,m\z) = / ty(—s)E(s, m, z)ds, 

*m J (a) 

where ^ is the Mellin transform of ip. We may move the line of integration to a = 1/2 
to obtain 

1 If 

E{il>, m\z) = ——(E{<il>, m\z), 1) + — / *(-s)E{s, m, z)ds, 
Vol(Y) 2m J (1/2) 

and so 



(E(iP,m\z)F k ,F k ) = — ^— (E(1>,m\z),l) + 7r-. [ *(-s)(E(s,m,z)F k ,F h )ds. (78) 
Vol(r) 2m J {1/2) 

We now apply theorem [5] to obtain the bound 

(1 + 1*1 + \\m\\) 2n 



[ y{-s)(E{s,m,z)F k ,F k )ds < f |*(-l/2-i*)| 
J a/2) Jm. 



'(1/2) 



(logplD^l^ym 2 ^ 
(logUA;!!)- 1 ^ 



-ds 



L(l, sym 2 7r) 
It follows by substituting this in (ITS"]) that 
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<<; (\og\\k\\)-^ 



L(l, sym 2 7r) 

Therefore if L(l, sym 2 7r) > (log ||/c||)~ 13 / 15 , we obtain the bound of theorem[3l If L(l, sym 2 7r) < 
(log||fc||)- 13 / 15 , lemma [13 gives M k (n) <C (log||fe||) 4 / 15 + e . Applying proposition @] with the 
bound on R k ij) provided by lemma [T7] we have 



(E(iP,m\z)F k ,F k ) - ^±—(EU>,m\z), 1) 



« (logll^l^M^Tr) 1 / 2 « (log||A;||)- 2 / 15+ S 
and so the bound of theorem [3] hold in this case also. 



10 Equidistribution of Zero Currents 

This section contains the proof of theorem [6] on the equidistribution of the zero divisors 
of holomorphic Hecke modular forms. The proof is based on ideas from complex potential 
theory, which may be described in the general context of of a compact complex manifold 
M with a positive holomorphic line bundle L. Suppose that L has been equipped with a 
Hermitian metric h, and let u = Ci(h) be the associated Kahler form. If G H°(M,L n ) 
are a sequence of L 2 normalised sections of L N whose mass becomes equidistributed on 
M, potential theory may be used to show that their normalised zero divisors jjZ^ tend 
weakly to u in the sense of currents described in section 13.11 This was first discovered by 
Nonnenmacher and Vorros [2B] in the context of quantum maps on tori, and extended in 
the generality described here by Schiffman and Zelditch |38J. If we now let HP 1 denote the 
product of n upper half planes and let L k be the line bundle of differentials of the form 
f(z) dz^ 2 on HP, or its quotient by T, theorem [6] is thus an extension of the result in [38] 
to the bundle L k over the noncompact manifold Y . To prove it we shall apply the argument 
of Schiffman and Zelditch, adding the adjustments of Rudnick to deal with the cusp. 

We may give L k the natural Hermitian inner product || ®dz^ 2 \\ 2 = y h , whose associated 
Kahler form u is 



uj = —dd\ogy k 

Z7T 

= ^2 k iUi 2 dxi A dyi. 

If / is a holomorphic modular form of weight k, f <E> dz k ^ 2 is then a section of L k with 
||/ ® dz\ %l2 f = \f(z)\ 2 y k . We let Z f be the zero divisor of / on Y, and Zf its pullback to 
H n . For <p G A n-1, ' l ~ 1 (H n ) smooth and compactly supported, let 

7er 
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be its symmetrisation under T. If are a sequence of modular forms of weight Nk as 
in theorem |HJ we shall compare j^Z^ and u by testing them against the differential forms 
using the following lemma. 

Lemma 20. If f is a holomorphic modular form of weight k on Y , 

I F^= [ F^Au + - [ \og(y k / 2 \f(z) \)dd<j>. 
J Zf Jy 71 ii» 

Proof. By unfolding F^, we get 

/ F*= [ 0. (79) 
JZj Jz f 

As Zf is the zero divisor of the global holomorphic function / on H n , we may apply the 
Poincare-Lelong formula to the RHS of (1791) . obtaining 



\o g \ f{z)\ddct> 

= -- f \ogy kl2 dd<P+- f \og{y h ' 2 \f{z)\)dd<t>. 

After integration by parts the first term becomes 

-- I dd\ogy k/2 (t)= [ coA(p 
ft Jw n Jw n 

and may be refolded to J y wA F^, which completes the proof. 



□ 



After applying lemma [201 to jfZ N , we are left with proving that 4 log(y Nk / 2 \fN(z)\) — > 
locally everywhere. As in [29, 38J this will follow from the plurisubharmonicity of log|/jv| 

and the equidistribution result y Nk \fN(z)\ 2 c > once we know that jj \og{y Nk l 2 \f N (z)\) is 
is bounded above and has lim sup equal to 0, and that both properties hold locally uniformly. 
Both of these are provided by the following lemma and the assumption (which we may clearly 
make) that the fx are L 2 normalised. 

Lemma 21. Let f be a Hecke cusp form of weight k for T. Then uniformly for z in compact 
subsets ofW 1 , 

« r N0 2+ \ (80) 
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Proof. Assume ||/|| 2 = 1. We shall bound |/| using its Fourier expansion 

/(z) = ^ a/ (Oe(tr(^)), 

and the proportionality relation a/(£) = A 7r (^)a/(l)^ fc ~ 1 ^ 2 with A„-(£) <C N£ e . Applying 
these and the normalisation of a/-(l) from fl2T|) . we have 

y k/2 \f{z)\ < ^|a / (0|y fc/2 exp(-2 7 rtr(^)) 

« ^ 2 iVF n £ £ (fc ~ 1)/2+ y /2 exp(-27rtr(^y)) 

i=l ^ *' £>0 

n 

= W II f(kW S ^r 1/2+e (4vr^l/) fc/2 exp(-27rtr(eKy)) 

n 

^ Nk * II fTP^ ^(4<^) fe / 2 exp(-27rtr(^y)). 

We define g%[x) = x ki ^ 2 e~ x ^ 2 and let g : 1R™ ->Ebe the product function. If we define L 
to be the semi-lattice AnnyO R , the upper bound above may be written 

n 

y k ' 2 \f{z)\ «N^H-—j- 2 J29(x). (81) 

i=l % ' xeL 

We now apply a lemma bounding the sum in ( 18TI) in terms of various integrals of g. 
Suppose gi is increasing for x < t« and decreasing for x > ti. Let V be the set of subsets of 
{1, . . . , n}, and for S G V define the subspace Hs £ by 

# 5 = { x g M™ | Xi = t u i e S}. 
We then have the following bound (whose proof we omit) on YIxgl d( x )- 
Lemma 22. 



< Yl / 9 dv 

f[( [ g(t)dt + g(U) 



where the implied constant is bounded in compact families of lattices L. 
Applying this to ( JHTT) gives 
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n -. 

w II fTfcW ( 2fcl/2+lr (^/2 + 1) + ^ /2 e-^/ 2 



n 

« w f II(f+^ 4 ) 

1=1 

< iVP /4+e . 

The local uniformity of lemma [22] in L gives the local uniformity of this bound, which 
completes the proof of lemma EH and theorem [6] 

□ 

11 Appendix 

We include here a number of routine calculations that were omitted during the proof of 
propositions [9] and [131 These are the Fourier expansions of Eisenstein series over mixed 
number fields, the L 2 normalisations of cohomological automorphic forms, the calculation of 
the volume of Ff / 0+ and the verification of the main term picked up in the contour shifts 
in lemma [12] and equation (1471) . 

11.1 Fourier Expansions of Eisenstein Series 

We recall the definition of E(s, m, z) for s G C and m G Z , 

E(s,m,z) = N{y{ 1 z)) s \ m {y{ 1 z)). 
7er OD \r 

We let Si = s + (3(m,i)/5i, so that this may be rewritten 

r 

E(s,m,z)= J2 Ylvih z ) S ' S '- 

7eroo\r i=i 

The map sending 7 G to its lower two entries is a bijection from to the set 

of pairs {c, d} of relatively prime elements of O modulo O x , and Vii'jz) may be expressed in 
terms of this pair as 



i < 7*1 



Vi 

Vi 



2 - 
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Therefore if we define F(s,m,z) by 



F{s, m,z) = YY\ , y?—— TT -. - 2 f 1 — — , (82) 

{^i£ |ci * + di| 11 C|c*l V + \ciXi + di\ 2 ) 

where the sum is over all pairs {c, <i} modulo (9 X , we have F(s, m, z) = ((2s, X^2m)E(s, m, z) 
The £th Fourier coefficient of F(s, m, z) is the integral 

2 r ' 2 f 

a^(s,m,y) = —7= / i^ac + jy, s, m)e(-tr(£ra))ob. (83) 
Vl-D| ./f/o 

We begin by collecting the terms in ( 182]) with c = to write 

(c) 2ml J d mod ^ ae(! , 

n ! n ! 

^ A k + ^ + aj 2s * .J- 1 (yf + \xi + 4 + aj 2 ) 2si 
Substituting this into ({53"]) and unfolding over C, we express a^(s,m,y) as 

a e (s, m, y) = 5 C0 Ny s X m (y)((2s, A_ 2m ) + ^ ^X^j}) ^ 



(c) d mod (c) 

e( ^iKiXi)d,Xi 1 r /" e( tr(^j/?jX,:))(ixj 



We first consider the case £ = 0. 

a (s,m,y) = ^(2,, A_ 2m ) + ^ E ^Wc) ^ 

V I I (V^ d mod 



Ny X m (y)C (2s, A„ 2m ) + _j £ ^- 1Wc) 



n / n 1 n 



(1 + x 2 )^ ai; c (l + ix.i 2 ) 2 ^- 

7VyA m (</)C(2s, A_ 2m ) + ^=iVy 1 - s A_ m (y)C(2 S - 1, A_ 2m ) 

n r( g + /3(m,z)-l/2) -p. 2 

11 r( S + /3(m,i)) 11 2a + j 9(m,i)- I" 
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On dividing through by ((2s, A_ 2m ), this agrees with the expression given in section IBTTl 
When £ 7^ 0, we have 



a>e(s,m,y) 



\ - Ny s X m (y) x - 

2-^ Nr1s\„__(A 2-^1 



\D\^ Nc 2s X 2 m(c) 

l-^l (c) ZmV ' dmod (c) 



n 

i<ri 



\Zi + ^| 2s ' 



n 

i>r\ 



e(-tT^ i K i x i ))dx i 

(yf + \xi + ^\ 2 ) 2s > 



2 £ 



1 1 (c) a mod (c) 



n 



e ( ^i^iUiXj^dXi 



1 + *r 



n 



«>ri 



-t^iKiyiXi))dxi 



1 + x. 



|2-\2s, ; 



The integral at real places is equal to 

2tt 



r s, : 



te^) Si ~ 1/2 ^ Si -i/2(27r|^« 



and the integral at complex places may be calculated in the following way as in [3T 



ej-tr^jKiyiXi^dxi 

(1 + kl 2 ) 2si 



00 p2ir 



e(-2yir\£iKi\ sin(6 l + a)) 



rdOdr 



</o 

00 



(r 2 + l) 2s *y 
Jo(47rr|£ i /c i |y. 

(>2 _|_ ]^2sj 



r 2 _|_ ]^2s; 
2?r 

e(— 2^r|£j/«j| sin8)d6dr 



-dr 



= r(2g t )2^- 1 ^-i(4tt|^|^)- 

(See [10J for the evaluation of the final integral.) It can be seen from this that the final 
form of a^(s, m, y) is the product of a collection of Bessel functions and Gamma factors which 
agree with the formula for E(s,m,z) of section [67TI together with a constant term and a 
power of y which are given below 



y-2 



\D 



^iyi 



vai-1/2 



n 



(47r|^Ki|j/,- 



\2s;-l 



2 2 - 



Si— 1 



(c) d mod (c) i<n i>ri 

The power of y simplifies to y/Ny, while the constant may be simplified as 
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=e e <M^))n 27rSi (^) s< " i/2 n( 27r i^i) 2si_i 

I I (c) d mod (c) i<ri i>n 

i>ri 



V\ D \ 



\D\ 



-&l-2s,-2m 



^K)N{5^) s - x l 2 X m {8^). 



After dividing through by C,(2s, A_2 m )j both of these terms agree with the expression in 
section 16. 1[ 



11.2 L 2 Normalisations 

This section contains the calculation of the L 2 normalisations of the Fourier coefficients of 
our forms F k . The normalisations are based on the equation 

Res s=1 (E(s,z)F k ,F k ) = Res s=1 <f)(s)(F k , F k ), (84) 

where E(s, z) = E(s, 0, z) and <f>(s) is the scattering coefficient in the constant term. 
Res s= i</>(s) is given by 



Res s= i0(s) 



vr"/ 2 Res s=1 ( F (s) r(l/2) j-j 2 



pi 20,(2) ii r(i) t n 



2 r 2 -l 7r (n+r 1 )/2 ReSs=i ^(^ 



We then calculate (E(s, z)F k , F k ) by unfolding and compare the two sides of (jH 



(E(s,z)F k ,F k ) 



Ny s \F k \ 2 dv 



roo\H F 



Mi)P 



| 0/ (i)| s 



I-DI 



Ny*- 1 N V - l \\M\ 2 \^k{wy)\ 2 dy y 



rjeO+ 



\D\ 



2 r 2 



TN^lXMl 2 [ Ny- x \K k frKv)?dv x . 
M Jr + 



Note that the factor of u + vanished because + /O+ counts each ideal with multiplicity 
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(E(s,z)F k ,F k ) = \a f {l)\ ^ D ^ K "^ ^g- / Ny^\K k (y)W 

= |aKl)| 2 ^^L( a ,sym 2 7r)^ / Ny-i\K k (y)\*dy* . 



We only need the value of the integral at s = 1, and to calculate it we expand it as a 
product over the infinite places. The factor at a real place is 



POD 

/ y h exp(-Ank iy )dy x = (47r)- fc T(A; i ). 
Jo 



At a complex place, it is 



3=0 



2 /.AJ..X 



(vW 



= 2- 5 7r- 2 (27r)- fe T(l + ki/2) 2 . 
Combining these, we have the following expression for Res s= i (E(s, z)F k , F k ): 



D\ r/1 2 A Res s= iCF(s) 



Res, =1 (£(s,z)F fc ,F fc > = | a/ (l)| 2 -£J-^L(l, sym 2 7r) 



2 6r 27r 2r 2 V > ^ / ^( 2 ) 

J] (4tt)^T(A;,) J] (2vr)^T(l + h/2) 2 . 



i<ri i>ri 

12 



Dividing by Res s= i0(s) we obtain the required relation between |a/(l)| and (F k ,F k ), 

D|L(l,sym 2 7r 

27r2-l 7I -ri+3r2 



i<ri i>ri 
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11.3 Volume Computations 

In this section we compute the volume element in the cusp of Y, and use this with our 
computation of the residue of E(s, z) to calculate the volume of Y . As in Efrat [I], we shall 
introduce simplified co-ordinates in the cusp, defined using the matrix A from section 12.21 
We define the co-ordinates Y , . . . , Y r _i by 



/ inn \ 



( 1 



ye™" 1 er 1 



2 \ 



/ In \ 

In y 2 



< J \ ln Vr J 



so that 



/ In 2/i \ 
In y 2 

\lny r J 



I 1/n log | | ... log |e^_ x J \ 
y l/n log | | ... logleJL-J J 



( lnF \ 
Y 1 



We shall compute the volume form of Hip with respect to the new system of co-ordinates 
Y Q , . . . , Y r _i, Xi, . . . , x r . As we are not changing the x-coordinates at all we may omit them 
from our calculations, and only compute the form ^dyi/yi with respect to {Yj}. The 
Jacobian of the change of co-ordinates is 



( dyi \ 

dy 2 



( nk 2/i lo S l e i I ••• 2/i log \ 



V 



Vr 

nY 



2/rlog \e[\ 



\ dy r J 

and we need to calculate its determinant which is 



2/r logical J 



( dY \ 

dY 1 

\ dY r ^ J 



1 r 

TT Vi det 

nY -~ 

1=1 



1 lOE 



1 lOE 



lo g| e r-ll \ 



We shall calculate this determinant by a minor expansion along the first column. The 
absolute value of the determinant of the (l,i)th minor is the regulator R + of O* times 
1/2 for every complex place we are expanding over. The index of 0\ in O x is 2 ri_1+<5r i° 
so R + = 2' ri_1+5r i°i?, and the alternating sum of the minors is (r x + 2r 2 )2 ri ~ r2 ~ 1+<5r i°i? = 

expression for dv in terms of our new co-ordinate system is therefore 



dv = — A dYi A dx. 

i=0 



Y 2 
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We now verify that the main term appearing in I^(T) during the contour shift in lemma 
Upland equation (T4T1) is in fact (E(z\g), l)/Vol(F)(0F fc , F k ). The residue is equal to 



V^Gi-l, O)Res s= i0(s) (<f>F k , F k ), 

and it may easily be seen that (E(z\g),l) = 2~ r2 uj+ 1 ^J\D\G( — 1, 0). Therefore to show 
that the two expressions are equal we only need to show that Vol(y) = V r c 2~ r2 w^ 1 A/|-D|(Res s= i0(s)) _1 . 
This follows easily from the standard method of computing the volume of fundamental do- 
mains using Eisenstein series, and substituting the value of Res s= i0(s) gives 

= 2-^+i| |n FW 

7T n 
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